O 

(N 



UCB-PTH-04/15 

LBNL-55076 

hep-th/0406003 



g The General Twisted Open WZ W String 



la „^j n ^u^^f„^^^lb 



M.B.Halpern^" and C. Helfgott 



pq \ ^ Department of Physics, University of California and 



Theoretical Physics Group, Lawrence Berkeley National Laboratory 



> 

O ! University of California, Berkeley, California 94720, USA 

O 

^ ' We recently studied two large but disjoint classes of twisted open WZW strings: the open- 

string sectors of the WZW orientation orbifolds and the so-called basic class of twisted open 
Qh! WZW strings. In this paper, we discuss all T-dualizations of the basic class to construct 

^ . the general twisted open WZW string - which includes the disjoint classes above as special 

cases. For the general case, we give the branes and twisted non- commutative geometry at 

- T— I I 

/\ • the classical level and the twisted open-string KZ equations at the operator level. Many 

d \ examples of the general construction are discussed, including in particular the simple case 

of twisted free-bosonic open strings. We also revisit the open-string sectors of the general 
WZW orientation orbifold in further detail. For completeness, we finally review the general 
twisted boundary state equation which provides a complementary description of the general 
twisted open WZW string. 
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1 Introduction 

At the level of examples, twisted scalar fields and orbifold theory [1-7] are almost as old 
as string theory itself. It is only in the last few years however, that the orbifold program 
[8-18] has in large part completed the local description of the general closed-string orbifold 
A{H)/H . The program constructs all orbifolds at once, using the principle of local iso- 
morphisms [8,10-13,15,18] to map the symmetric theory A{H) into the twisted sectors of 
A{H)/H. The orbifold results are expressed in terms of a set of duality transformations 
|1()| IT^ E] 5 which are discrete Fourier transforms constructed from the eigendata of the 



H-eigenvalue problem fOl ^1 E] in the symmetric theory. For the reader interested in 
particular topics, we offer the following list: 

• the twisted current algebras and stress tensors of all sectors of the general current- 
algebraic orbifold [8-12], 

• the twisted affine primary fields, twisted operator algebras and twisted KZ equations of 
all WZW orbifolds Ag{H)/H ^^^^, 

• the action formulation of all WZW and coset orbifolds Ag/h{H)/H, in terms of group 
orbifold elements with definite monodromy [13-18], 

• the action formulation and twisted Einstein equations of a large class of sigma-model 
orbifolds Am{H)/H [IHl, 

• free-bosonic avatars of these constructions"'"^ on abelian g and the explicit form of their 
twisted vertex operators [131 CHI HE] • 

A pedagogical review of the program is included in Ref . [T7| . Recent progress at the level 
of characters has been reported in Refs. [20,8,21-23]. 

More recently, the orbifold program has also been applied to twisted open strings: 

• the WZW orientation orbifolds Ag{H_)/H_ and their twisted open-string KZ equations 

[231123, 

• the action formulation and twisted Einstein equations of WZW, coset and sigma-model 
orientation orbifolds Am{H^)/H^ 22], 

• the basic class of twisted open WZW strings A°JI"^^{H)/ H and their corresponding twisted 
open-string KZ equations ^Hj . 

The orientation orbifolds are obtained by twisting closed-string theories by a discrete au- 
tomorphism group H_ which contains world-sheet orientation-reversing automorphisms. 
Like conventional orientifolds [27-30], the orientation orbifolds contain an equal number 
of open- and closed-string sectors, but in distinction to orientifolds, both the open- and 
closed-string sectors are generically characterized by fractional moding. The basic class of 
twisted open WZW strings involves a rather different (Hamiltonian) formulation, gener- 
alizing the method given in Ref. [31] for untwisted open WZW strings ^4°^*^". This class 
of twisted open strings is apparently disjoint from the open-string sectors of the WZW 
orientation orbifolds. 

The method of Refs. [^ [2^1 works in the open-string picture of open WZW strings, 
which uses only a single set of current modes and Virasoro generators. This is in distinction 
■f-'^An abelian t"wisted KZ equation for the inversion orbifold x -^ —x -was given earlier in Ref. |19j . 



to the closed-string picture of open strings, which uses both left- and right-mover current 
modes to describe boundary states (see Sec. 5). 

More specifically, the method of Ref. |26j constructs a twisted open WZW string from 
the left-mover current modes and Virasoro generators in sector a of each closed-string WZW 
orbifold Ag{H)/H. Each resulting twisted open string in this basic class can be considered 
as a sector of an open-string WZW orbifold A°^'^'^{H)/ H (see Fig. 1), and indeed the open- 
string orbifolds inherit their orbifold structure directly from the underlying closed-string 
WZW orbifolds. Alternately, the open-string orbifolds can be viewed as orbifolds by H of 
the untwisted if -symmetric open WZW string A°J"^'"'[H) constructed in Ref. [HI]. 
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: The left-mover data of any closed-string WZW orbifold. 



. open 
^9 



(H). 



H 



: The corresponding open-string WZW orbifold in the basic class. 



Nc'. The number of conjugacy classes of symmetry group H and the 
number of sectors a of Ag{H)/H or A°p^''{H)/H. 

Fig.^ Construction of open-string WZW orbifold from closed-string WZW orbifold 



The present paper extends the Hamiltonian method of Refs. [^ |2E] to construct the 
general twisted open WZW string by including all T-dualizations of the open strings in the 
basic class. This is accomplished for all twisted open WZW strings at once by introducing 
a mode-independent automorphism u;(cr) of the twisted current algebra in each sector a of 
each open-string orbifold (see Fig. 2). Then, each sector a has a unique, u -independent 
Hamiltonian which describes an entire uj-family of T-dual twisted open strings: At the 
classical level, we insert the automorphism into the phase-space realization of the twisted 
currents, which induces cD-dependent non- commutative geometry and general oj-dependent 
WZW branes. At the operator level, we find a)-independent spectra and the general u- 
dependent open-string KZ equations. 
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The data of any open-string WZW orbifold. 



uj{a): An automorphism of the twisted current algebra in sector a 
of A°^'^^[H)/ H. For each sector a, one obtains an (D-family of 
T-dual twisted open WZW strings. 

Fig. 121 From open-string WZW orbifold to T-dual twisted open WZW strings 



Because our construction is immense, many explicit examples of our general results 
are discussed in the text, and for an overview, the reader may enjoy an early glance at 
Subsec. 3.4. Among these examples, special attention is given to: a) untwisted open 
WZW strings, b) twisted free-bosonic open strings and c) the open-string sectors of the 
WZW orientation orbifolds. In particular, we find that the open-string sectors of the WZW 
orientation orbifolds are T-dual to the sectors of the generalized open-string Z2 permutation 
orbifolds (see Subsec. 4.2) in the basic class. Finally, Sec. 5 contains a review and examples 
of the general twisted boundary state equation |13| 1^ . which provides a complementary 
description of the general twisted open WZW string. 

The present paper should be considered as a companion paper to Ref. j2ni- In partic- 
ular, we assume for brevity a familiarity with the various eigenvalue problems and duality 
transformations given there, and many of our results are derived by a so-called cD-map (see 
Subsec. 2.5) from the analogous results in Ref. 



2 Classical Theory of the General Twisted Open WZW String 

2.1 Twisted Open-String Current Algebras 

We begin our construction witli the equal-time bracket"'"^ algebra of the twisted strip currents 
given in Ref. |26j : 

^t).(^'^'^) = U),i^i^t^^) = J2 -/nw.(^ + ^)e~^^™^^^^*^^\ < e < vr (2.1a) 

mGZ 
'^t)/-^'^'^) = '^MM(^'^'^)' 9TjSr),i^,t,^)=0, d^^d,±d^ (2.1b) 

+ Sn(r)+n(s), mod p{a)Gn{r)/i;-n{r),uio-)d^)5 n{r)_{^ — r]) (2.1c) 

P{o-) 

+ Sn{r)+n{s),0modp{a)Gn{r)fi;~n{r),u{<7)d^)6n{r)_{^ + T]) (2. Id) 

p(ct) 

— Sn{r)+n{s)flmod p{a)Gn{r)fi;-n(r),iyio')d^)S _!iiyii^ — V) (2-le) 

P{o-) 

a = 0,...,iV,-l. (2.1f) 

We emphasize that, as it must be for open strings, both the left- and the right-mover cur- 
rents J'-^^ are constructed from the same set of twisted left-mover current modes. These 
current modes, which satisfy the twisted afiine Lie algebra g{(j), are appropriated from sec- 
tor a of any closed-string WZW orbifold Ag{H)/H. The number of sectors Nc of Ag{H)/H 
is the number of conjugacy classes of H. The fractional moding of the currents is described 
by the integers p(cr) and n{r), where p{a) is the order of the automorphism h^ E H and 
{n{r)} are the spectral indices of the if -eigenvalue problem fW\ IT^ ITH] in Ag{H). All 
quantities in the orbifold program are periodic n{r) -^ n{r) ± p{a) in the spectral indices 
n{r). The if -eigenvalue problem also leads to explicit formulae for the duality transforma- 
tions [ini 1121 Uni of orbifold theory, including the twisted tangent-space metric G{o') and 

•t-^As in Refs. |81II26| . our brackets are rescaled by an i, so that the quantum correspondence is {A, B} -^ 

[iB]. 



twisted structure constants J^(cr) which appear in Eq. ()2.1|) . Other important quantities in 
Eq. ()2.ip are the phase-modified Dirac delta functions 

5.« {^±V) = ^Y1 e-^"-^^'^'^'^ = e-'^''^'^6{^ ±v) = 5.(0..(., (^ ± v) (2-2) 
pto7 27r ■^ — ^ p!a) 

which have been previously discussed in Refs. [111120] • We note in particular that 6n(r)/p{cT) (6^" 
1]) has support only at the boundaries of the strip ,^ = 77 = 0, vr - and the appearance of this 
delta function reflects the interaction between a non-abelian charge at ^ (or r/) with a non- 
abelian image charge jHH EEl at —rj (or — ^) . In distinction to closed-string orbifold theory, 
the phase modification of Sn(r)/p{a) (C — v) can be ignored on the strip 

(5nM(^-r/) =(5(^-r/) whenO <^,r/< TT (2.3) 

although for symmetry we often leave these phases in our results. Finally, we note the 
boundary conditions on the twisted currents 

n{r) 

^^I4(0,t,a) = Jl(4(0,t,a), Jl|4(^,t,a) = e-^-^^^/vr, t, a) (2.4) 

which follow from their moding in Eq. ()2.1aj) . 

For detailed information on particular classes of closed-string WZW orbifolds, we direct 
the reader to the following references: 

• the WZW permutation orbifolds [8,10,12-14,16] 

• the inner-automorphic WZW orbifolds ^21 ^1 QB] 

• the (outer-automorphic) charge conjugation orbifold on su{n > 3) ^3] 

• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds 

on so(8) ^. 

These references give the explicit forms of the twisted operator algebras (and twisted KZ 
equations), including the duality automorphisms and current algebras 0(0") required in our 
construction. 



2.2 General Phase-Space Realization of the Twisted Currents 

Our next step is the key ingredient in generalizing the construction of Ref. [211 • ■'■^ P^^" 
ticular, for each twisted current algebra 0(0"), we introduce an uj-family of phase-space 



realizations of the twisted strip currents: 



+ \d^x<'^\i)e{mUt)r'^'^''Qnis)uMr),i^) (2-5a) 



f(-) (i:\^,':,(^(r\ rr\ '^(o-rrT^i^i^^W ,. "W"? 



CoeAut{Q{a)), 0<^<7r, a = 0, . . . , A^^ - 1 • (2.5c) 

These phase-space reahzations differ from those of Ref. [2E] primarily by the matrix cj, 
which is any mode-number-independent automorphism^^ of the twisted current algebra: 

Cj{n{r), a)^''Cj{n{s), a)^^gnir),KMs)A'^) = Qn{r)f,Ms)A(^) (2-6a) 

u{n{r), a)/cD(n(s), a),^J^nir),.Ms),x''^'^'i^) = ■^n(.V;n(s)."^*^'^(a)cu(n(t), a)/ . (2.6b) 



The special case u = 1 describes the basic class studied in Ref. j26], and, at any point in 
the construction below, the results of that reference can be obtained by setting uj = 1. In 
what follows, we shall see that all the realizations in the cD-family are in fact related to each 
other by T-duality, and we therefore refer to u as the T- duality automorphism. 

Aside from the T-duality automorphism uj, the geometric quantities which appear in 
the phase-space realization ()2.5p are defined as follows: 

g{r, e, t, a) = e^*""''"(«'*)^n{o.(^'-) (2.7a) 

Tr {M{T, a)Tni^r)fi{T, a)%{s)u{T, o)) = ^„(,.)^;„(s)i.(o-) 

= On{r)+n{s),0mod p{cT)yn{r)^i;~n{r)M\'^) (2.7b) 

[%.(r)iJ.(T,a),Tn{s)u(T,a)] = iJ^n{r)fi;n{s)u {(^)%i{r)+n{s),siT, a) (2.7c) 



"'■'^General automorphisms a) e Aut{2{(j)) appeared earlier in the general twisted boundary-state equation 
of Ref. 121], and are well-known in this context for untwisted open strings (see e. g. Ref. [22 ) - where 
oj = UJ Cz Aut(g) is an automorphism of the untwisted current algebra. The description of T-duality via the 
insertion of an automorphism in the phase-space realization of the currents was first proposed in Ref. pij . 
The simplest example of T-duality is the case of DD and NN strings (see Subsec. 2.8), which correspond 
to w = 1 and —1 respectively in the untwisted abelian limit of Eq. H2.5|l . 



en{r)^i{T) = -ig ^{T)dn{r)^ig{T) = en(r)^r^'^''Tn[s)u, dn{r)t,{0 = a£n(f)^(g) (2.7d) 

IwMm(^) = -ig{T)dn(:r)^g-\T) = Iwm/^'^"7;(,), (2.7e) 

en{r)/i '^n(t)<5 —^{r)iji ^n(t)5 — <Jn{r)fi — <J^<Jn{r)-n{s), mod p(a) l^-'^J 

Hn{r)iJ.;n{s)u;n{t)5{A) = ^n{r)^lBn{s)u■,n{t)s{x) +dn(s)uBn{t)S;n{r)tM{£) +dn{t)5Bn{r)fi;n{s)u{x) 

= -iTr {M{T , a)en{r)^l{'T , x)[en{s)u{'T' , x) , en{t)s{'T , x)]) (2.7g) 

= KiUr)^.''^'''^'''e{xUs).''^''^'''e{x^^^^^^ (2.7h) 

p„(,)^(5, = Plt^r), + ^5„(,),,„(,),(a;(e))a^x^(^)^(0 • (2.7i) 

Here ^f is the group orbifold element, e, e are the left- and right-invariant twisted vielbeins 
(with e(0) = 1), and H is the twisted torsion field. The twisted coordinates x^ and momenta 
p°" are expected to be canonical in the bulk < ^ < vr. The twisted representation matrices 
T satisfy the orbifold Lie algebra ()2.7c|l of sector a, and the explicit forms of T and the 
twisted data matrix Ai are given in Ref . |T^ . The totally antisymmetric twisted structure 
constants J-',{cr) in ()2.7h|) are constructed as usual by lowering the last index of J-'{<j) using 
the twisted metric G,{(t). All these geometric quantities are familiar in closed-string orbifold 
theory ^H], as well as the orientation orbifolds [2S| and open-string orbifold theory |2(ij . 

It is important to note however that the twisted current algebra g{a) and hence the 
twisted currents j^^-* themselves are tu-independent, which implies that all the other twisted 
fields above are implicitly uj- dependent: 

g = g{Cj), e = e{Cj), e=e(u;), x = a;(u)), p = p{Cj) (2.8a) 

H = H{Co), B = B{u). (2.8b) 

In what follows, we will construct"'-'^ the general twisted open WZW string for all T-duality 
automorphisms u), leaving for future work the classification of uj by equivalence classes. 
Many explicit examples of u are found e. g. in Subsecs. 2.8, 3.4 and 4.1. 

At any point in the following construction, one may consider the a = sector - which 



•f^The general phase-space realizations above can in principle be applied to the classical description of any 
twisted current-algebraic open string (related to orbifolds A{H)/H of general affine-Virasoro constructions 
[33-39,10,12]). In this more general setting we expect that, for a) to describe a T-duality, it must also be a 
symmetry of the general twisted inverse inertia tensor Cujuj — £, as shown in Eq. H3.2|l for WZW orbifolds. 



describes the general untwisted open WZW string: 



f(±) ji±) . „(s)i. 
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(2.9a) 


S , ^ "C**)^ ^ p."- o."- ;}.nir)fJ. 


^ a;\ 


P^(r)A« - 


-^ Pi 


(2.9b) 


^ Cat, JF ^ /(jft"^, %i{r)ii -^ 


Ta 






(2.9c) 


cD(n(r),cT)/ ^ cua^ G AMt(^) 








(2.9d) 
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(2.9e) 



In this case, the modes Jairn) of the currents Ja satisfy the affine Lie algebra [40-42,37] 
associated to g and T is any matrix rep of g. The special case of untwisted open WZW 
strings at u; = 1 was worked out in Ref. \M\ . 

2.3 The General Classical Hamiltonian and T-Duality 

As emphasized in Ref. |HI] , open-string theories are constructed from a single set of Virasoro 
generators {Lfj{m)}. For the general twisted open WZW string, we begin with the following 
classical open-string stress tensors [2^] 



fi^\U) = 4^^"^''^'^^-"^^^'^(^)^t).(^'^)^-M,^(^'^)' < e < vr (2.10a) 

fW(-e,t) = TW(e,t), 9^TW(e,t) = (2.10b) 

^i^ne,t) = ^5^L.(m)e— (*±«) (2.10c) 



mSZ 



which, like the currents J^^-*, are appropriated from left-mover sector a of the underlying 
WZW orbifold Ag{H)/H. In terms of these stress tensors, the classical Hamiltonian of the 
twisted open WZW string is: 

H, = L.(0) = rdafi-^\^,t)+fi-\U)) (2.11a) 

Jo 

= i, rdig<^^^-^-<^^-{a) ( J(;) /e, t)J%,^M^ t) + 4) ^(e, t)l-X,,i^, t)) (2.11b) 

dtA = t{H^,A}, a = 0,...,N,-l. (2.11c) 

Like the currents, the stress tensors and hence the Hamiltonian are explicitly cD-independent. 
Since each member of the (D-family ()2.5p of phase-space realizations has the same Hamil- 
tonian ()2.11|) . it follows that each realization is T-dual to all the others in its tD-family. 



10 



With the phase-space reahzation ()2.5p . the general classical Hamiltonian can be reex- 
pressed in terms of the phase-space variables as follows 



H„= / diU^^mM)) (2.12a) 

= 27iG^^-'^^-'<'>{x)pnirUB)pnis)u{B) + ^d^^^^^^^ (2.12b) 

= e(x)„(.r)^"^*^'^e(x)„(s) "^"^'^„(t)5;„(„)e(o-) (2.12c) 

Qn(r)^;n{s)ui^^-^ _ gn(t)5Mu)ei^^-^^~l^^n{r)t,^-l^^n(s)u (2.12d) 

Gn(r)M;nW5(x)G"W^^"(^>(i;) = 5„(.)/(^)^ (2.12e) 

where G, and C are respectively the twisted Einstein metric of sector a and its inverse. To 
obtain this result, we have used the automorphic invariance ()2.6a|) of the twisted tangent- 
space metric Qicr) to cancel all the explicit u)-dependence, and we note that the Hamiltonian 
density H^ has the same phase-space form as that found in closed-string WZW orbifold 
theory ^H] • We remind the reader however that all the phase-space variables which appear 
here are implicitly tu-dependent. 

For the discussion below, it will be convenient to define the automorphic transform Qj 
of the right-invariant twisted vielbein 

U^Ur),.""^'^" = -^x)„(,)/(^)'^cD-i(n(s), a)/ (2.13a) 

C'(£)nM/(^^'^ = Cuinir), a)/r'(x)„(,),,"(^)^ (2.13b) 

Gn{r)fj.;n{s)u{x) = ecj{x)n(r)f/ ecb{x)n{s)u Gn{t)5;n{u)e{cr) (2.13c) 

where we have used the automorphic invariance ()2.6ap to obtain the alternate expression 
()2.13c|) for the twisted Einstein metric. In terms of e^j, the phase-space realization of J^~^ 
has the alternate form 

-^d^xf^\OUmUt)s'''^'^''Gnisy,nir),i^) (2-14) 

which follows by Eq. (|2.6ap from Eq. ()2.5b|) . As another example, the twisted-current 
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boundary conditions in Eq. ()2.4|) now take the ecj-iorm 

= d^X^J'^'^UmUs).''^'^' + e{m)nis).''^'^')Gnmn{r)M) ^t ^ = (2.15a) 

n{r) 

n{r) 

= d^x2^'^''(e-''''^UmUs)u''^'^' + e(i:(0)n(.)/^*^')^-W<5;nMM(^) at ^ = vr (2.15b) 

where we have used Eqs. p.5a|l and p.l4|l . For reference below, we observe that Eqs. p.l4j) 
and (J2.15J) differ from the corresponding results in Ref. [2S1 only by the substitution e — ;> ^. 

2.4 The Brackets of the Currents with the Coordinates 

In the method of Refs. pTll26j . phase-space brackets are obtained by solving linear inhomo- 
geneous partial differential equations derived from the current algebra and the phase-space 
realizations of the currents. 

In this approach, the following tools are needed: We first give the so-called inverse 
relations 

- ■/nw.(0^"^^^^^"^*^'(^)e^'(0nw."(^)'^ (2.16a) 

Pnir),{B, = ^ (e(OnM/^^^'^^(|i),(0 + "^(OnM/^^^ V^'^ ,(0) (2.16b) 

which follow for all < ^ < vr from the phase-space realizations in Eqs. ()2.5|) and ()2.14|) . 
We will also need the spatial derivative of the group orbifold element g 

dfg{r,i) = d^xf^^d^^r),g{T,i) = ^ {9{T,0J^^\T,0 + J^~\TM)g{T ,i)) (2.17a) 

J^+\T,i) ^ Jl|4(0^"^^^^^"^^^'^(^)^n(s). (2.17b) 

J^-\TM) ^ ji-^^^^iOO''^''^''-'''^'^''ia)T:^s)u (2.17c) 

r:^r),^^Hr),a),^X^ru (2.ird) 

Ji|4(0 = 2> (^(T,a)jW(T,Or„M,) (2.17e) 

■^Im/^) = ^ {M{T,a)j(-\T'',OT:^r),) (2.17f) 

12 



which is obtained via the chain rule from Eqs. ()2.16|) and the definitions of the vielbeins in 
Eq. ()2.7p . This result is expressed in terms of the matrix currents J^^^T) and J^^\T^)^ 
where the automorphic transform T^ of the twisted representation matrix is defined in 
Eq. (j2.17dj) . This automorphic transform satisfies the same orbifold Lie algebra ()2.7c|l as 
the original T 

[^n{r)iJL^'^n(s)u] = '^^n{:r)n;n{s)u^ {(^)%^{t)5 (2.18a) 

7>(a<t4,)^t4)J = gnir),Ms>{(y) (2.18b) 

and T^ also appears when we reexpress the right-invariant matrix vielbein 

Mr),{T) = -zg{T)d^^r),9-\T) = {%Ur),''^'^''T^%). (2.19) 

in terms of the automorphic transform of the right-invariant vielbein. 

Using the inverse relations in Eq. ()2.1(jj) and the equal-time twisted current algebra 
()2.1|1 . we have followed the steps of Ref. [26] to find partial differential equations for the 
bracket of J^^^ with x 

= 2vri (j^„(rV;n(t)5"^"^'((^)^i|„yr/)+^„(r)M;„(t)5(cT)55) X 

x<5„M(C-r/)g"W'^;"(-)''(a)ri(77)„(,),"(^)'^ 

-2vri (j^„(rV;„(i)5'^"^'(f^)^i74(^)+^n(r)/.;n{t)5(f^)5?) X 

+{«^it)/^(0,x^^*^'(^)}(4w5ri(r,)„(„),«(^)'^g"W^^"('')-(a)/;)jr?) 

-4(t)rq^'(^)nWe"(^)'^a"(")^^"('')«(a)j(-4(r,)) (2.20) 

and similarly for {J'^~\x} by .^ ^ —^. We note again that Eq. ()2.20|) differs from Eq. (3.11) 
of Ref. I2ni only by the substitution e — > ^. The natural solution to this set of PDEs is 
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the e^ ecj form of the corresponding solution in Ref. 

+ e^'(^)nCr)/^^^^5'^M(e + r/)) (2.21a) 

p(ct) 

+ ri(77)„(,)/W-5_^(e + r/)) (2.21b) 



p{'^) 



0<^,r/<7r, (T = 0,...,A^c-l. (2.21c) 

It is not difficuh to check that these brackets satisfy the twisted current boundary conditions 
in Eq. (|2.4p . but considerable algebra is necessary to verify explicitly that (J2.2H) solves the 
differential equations. In particular, one needs the phase-space realizations ()2.5|) . ()2.14|) of 
the twisted currents, as well as the following geometric identities: 

^(On(r)/(^)" = -e(0nw/^*)'^^(0n(t)r(^^'^ (2.22a) 

e~ {On{r)fi dn{u)e^Cj{On{s)u = —^n{r)fi;n{s> \^)^^iOn{u)e (2.22b) 

4. {On{r)^l dn{u)e^i:j{On{s)i' = —^Cj{C.)n{s)u ■^n{u)e;n{r)ii {<^) (2.22c) 

^^{On{r)fi ^w{On{s)u Qn{t)S;nC^)e{<^) = Qn{r)^i;n{s)u{<^) (2.22d) 

O { ^\ "(")^0 ( C\ n{v)K 'p n{t)5 / \ ■r ^(^^^ ( rr\C) ( ^\ n{t)5 fr\ oOqN 

^ '(Iil,S/n(r)/i '^^Cj\s)n{s)u ■^n(u)e;n{v)K \'-' ) •^n{r)fi;n(s)i/ \^ )^^ui\<,)n{u)e yZ.ZZHJ 

^V^/^V^JM ^^y^ jn^sju ■J n(u)e;n(v)K \^ ) ^uj \S )n[w)\ 

— -P , . "(")^p , , n{v)Kj: n{w)\/\^~l n(t)5 /q 22fl 

— ^n{r)fi ^n(s)i/ ''n{u)e;n(vjK \ y n(w)\ y^.^^i.) 

Here we have introduced the automorphic transform f2^ of the twisted adjoint action Vt: 
g{J, i, t, a)Tn^r),g-\T, ^, t, a) ^ f^(OnMM"^'^'^n(.). = ^^(OnM/^^^'^T^,), (2.23a) 

^^(On(r)M"^'^'^ = f^(On(r)/^'^''cD-l(n(s), a)^'' . (2.23b) 

The relations in (2.22g), ()2.22h|) are respectively the twisted Cartan-Maurer and inverse 



twisted Cartan-Maurer identities (the CM identities also hold for e ^ ea,). Geometric 
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identities analogous to those above are well-known ^8] in the geometry of ordinary WZW 
orbifolds. 

Finally, we give the Jg brackets 

{j'i^uii^ t, (r),giT, T], t,a)} = 27r(^(T, r/)r„(,.)^(5^M (^-r/) 

p{(t) 



-XI),9{T,V)S^{^+V) (2.24a) 

p(ct) 

+ ^(r,r/)r„(,,)^5_^(e + r/)) (2.24b) 



a = 0, . . . , A/'c - 1 (2.24c) 

which follow from Eq. (J2.2H) and the chain rule. Being linear in ^, these brackets are easily 
quantized and will play a central role in the operator theory of Sec. 3. 

As in the twisted current algebra (|2.ip . the boundary terms proportional to ^±n{r)lp{a) (^+ 
T]) in Eqs. ()2.2H) and ()2.24|) can be interpreted [211121112^1 as the interaction of a non-abelian 
charge at ^ (or 77) with a non-abelian image charge at — r/ (or —1^). 

2.5 The cD-Map 

Although it was not emphasized in Refs. [SI] and [20], all the classical open-string results 
of these two papers are determined by their Hamiltonian formulations, as given above. 

This is an important point because all the results above (including in particular the u)- 
family of phase-space realizations ()2.5|) and the geometric identities ()2.22|) ) can be obtained 
from the corresponding results of the basic class [2^] at u) = 1 by the following simple "(D- 
map" 

41-^14' J'^^K-T) ^ J^^\r\ e->e, gr^gr (2.25a) 

41^4).' J^-\^)^j''-\^''). e^h, Tg^T^g (2.25b) 

(l^Vt^ (2.25c) 

where uj G Aut{Q{(j)) is the T-duality automorphism. The cj-map may therefore be applied 
to the remaining classical results of Ref. [211 ^^ ^ shortcut to complete the classical theory 
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of the general twisted open WZW string. Note that one replaces the twisted representation 
matrix T by its automorphic transform T^ (see Eq. ()2.17d|) ) only when T appears in the 
right-mover matrix current and when it acts on the left of g. 

For brevity, the results below are generally obtained from the cD-map, omitting details 
of the corresponding direct but lengthy computations. 

2.6 Coordinate Space and Twisted Non-Commutative Geometry 

The first step in the coordinate-space formulation of our theory is to solve for the twisted 
momenta in terms of the time derivatives of the twisted coordinates: 

dtxf'^^{i,t) = z{H^,r/^^{U)} (2.26a) 

= ^'^^^^^^"^*^'(^)(e-^(On(s)"(^)^ji;;,(0 +e^\Onis)u^'^''jl~^lsiO) (2.26b) 
= 47rG"M^^"(^)^(a;(e, t))p„(,).(5, ^, t) (2.26c) 

Pn(r),{B, e, t) = l-G^^r),.Ms)um, t))dtxf'>{^, t) . (2.26d) 

This result can be obtained by evaluating the bracket in Eq. ()2.26a|l or via the cD-map from 
the a) = 1 result in Eq. (3.18) of Ref. [S^. Similarly, by chain rule from Eq. ()2.26b|) . one 
obtains the classical open-string equations of motion 

d+g{T, e, t, a) = 2tg{T, ^, t, a)J^+\r, e, t, (t) (2.27a) 

d.g{T, e, t, a) = -2 J(-) (T^ e, t, a)g{T, i, t, a), d± = dt ± d^ (2.27b) 

jW(T,e,t,cr) = -y-\T,^,t,a)d+g{T,^,t,a) (2.27c) 

J«(T^e,t,a) = -^giT,^,t,a)d^g-\T,^,t,a) (2.27d) 

9_ {g-\T)d+giT)) = 9+ {g{T)d^g-\T)) = (2.27e) 

in terms of the group orbifold elements. Furthermore, we may use Eq. (I2.26d|) to eliminate 
the momenta and obtain a variety of other coordinate-space results. 

As a first example, we give the coordinate-space form of the twisted currents 

■^Im/^'^'^) = ld.K^'^'i^,t)U^,t)^^s).''^'^'g,,^t)5Mr),i^) (2-28b) 
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which follows from the phase-space realizations. The relation between the matrix currents 
in Eq. ()2.27|) and the index currents in Eq. ()2.28|) is given in Eq. ()2.17|) . 

As a second example, the bulk Lagrange density of the general twisted open WZW string 

= ^(G'„MM;n(.). + ^„(.V;„(.).)9+a;^«^9_a:^(^)^ < ^ < vr (2.29a) 

^G„WM;n(s).5+x^M'^9_x^(^)^ = -^fr {M{T,a)g-\T)d^giT)g-\T)d^g{T)) (2.29b) 

OTT OTT 

is obtained via the cD-map from the corresponding result in the basic class, or directly from 
Eqs. ()2.12b|) and (J2.26J) . As expected jlSl 1^ I2S]; this bulk density has the same form as 
(the sigma-model form of) the Lagrange density in the corresponding closed-string WZW 
orbifold sector P^ ITHj . We remind the reader however that all the fields in this action are 
imphcitly cD-dependent, as shown in Eq. ()2.8|1 . 

A complete action for untwisted open WZW strings in terms of group elements and 
auxiliary boundary variables was given in Ref. 01], but the complete action formulation 
for the general twisted open WZW string is an open problem. We mention however that 
the complete action for the open-string sectors of the WZW orientation orbifolds was given 
in Ref. [23] , in terms of nothing but group orbifold elements on the solid half cylinder. This 
may be an interesting direction to consider in the general case. 

Finally, we give the twisted non- commutative geometry oi the general twisted open WZW 
string: 

-^vr^:?"^"(^^^(0,0,t) ife = r7 = 0, 
{x^M^e, t),x:^'>{v, t)}={ m^$)'^^"(^)'^(vr, vr, t) if ^ = r/ = vr, (2.30a) 

D otherwise 
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^7r" {^. e, t) = -^':^r'^"i^, e, t) (2.30b) 

x(e-'^^«^ri(e)„(,)5"(^)«-^^(0„(,)?(^)'^e'^^«)ri(0„(.)r(^)'^ (2.30c) 
e(0 = e(x(e, t)), 1^(0 = e(x(e, t))cI;-\ Q^{0 = ^m, t))^'' (2.30d) 

Co e Aut{Q{cr)), (x = 0,...,N^-l. (2.30e) 

The direct derivation of this result involves solving a set of PDEs for the {x, x} brackets, 
but the result (j2.30p is more quickly obtained by the tD-map from Eq. (3.38) of Ref. ^Hj . 
Conversely, the twisted non-commutative geometry of the open-string orbifolds A°^'^^{H)/ H 
(i. e. the basic class) can be obtained from Eq. ()2.30|) by setting u = 1. We emphasize 
that, as expected, the coordinate brackets ()2.30|) vanish in the bulk < .^ < vr, in parallel 
with the corresponding coordinate brackets of closed-string WZW orbifold theory ^H] • The 
general twisted non-commutative geometry in Eq. ()2.30p is a central result of this paper. 

A simple case of the general result ()2.30p is the non-commutative geometry of the general 
untwisted open WZW string 

r -m^L'(o,o,t) if ^ = 77 = 0, 

{x\i,t),x\r^,t)] = \ Z7r^^^(7r,7r,t) if ^ = r^ = vr, (2.31a) 

y otherwise 

= e-\OaG^i^Z\0 - nM))^e-\Oc' (2.31b) 

e(0 = e(x(e, t)), eUO = e(x(e, t))co~\ fi^(0 = fi(x(e, t))co~' (2.31c) 

a,b,c,i,j = l,..., dim (yf, uj E Aut{g) (2.31d) 

which is obtained via Eq. ()2.9|) in the a = sector. Here e and e are the untwisted left- and 
right-invariant vielbeins on g and G"^ is the untwisted tangent-space metric. The result 
(I2.3ip generalizes the u = 1 non-commutative geometry of Ref. [HI] . 



Further examples of these general coordinate-space results are found in Subsecs. 2.8, 
4.2 and 4.3. As in Refs. jSU 12^]; one may use the known brackets above and the inverse 
relations ()2.1(j|l to straightforwardly compute the remaining phase-space brackets - without 
solving any additional PDEs. 

2.7 The General WZW Brane 

As our next coordinate-space topic, we discuss the general WZW branes which live at the 
ends of the general twisted open WZW string. 

We begin with the boundary conditions on the twisted currents and coordinates 

n{r) 



= a^rM^(e,t)(lb(e,t)nMM"^'^'^ + eiUUr),""^'^") at e = (2.33a) 

9,C^^)'^(e,t)(e'"'?M-^(^,t)„(,)^-W- - e(e,t)„(,)/W'^) 

= 95x"M''(e,t)(e'"^^l^(e,t)„(,)^"(^)^ + e(e,t)„(,)/(^)^) at e = vr (2.33b) 

where Eq. ()2.32j) was given earlier, and Eq. ()2.33p is then obtained from the coordinate- 
space form of the currents in Eq. ()2.28|1 . The current boundary conditions can also be 
rewritten in terms of the matrix currents 

J(+) (r, 0, t, a) = J(-) (r, 0, t, a) , JW (r, w, t, a) = E{T, a)j'^-^ (T , TT, t, (7)E{T, a)* (2.34a) 

j(-)(T,e,t,a) ^ jl74(e,t,a)^"W'^^"(^)'^(a)T„(,), (2.34b) 

and we note that the right-mover matrix current J^~\T) is not the same as the current 
ji-){T'^^ defined in Eq. (|2.17cp . To obtain this result, we used the selection rule of the 
twisted representation matrices 



2m 



n(^r) 



e^"^^r„(,)^(T, a) = E{T, a)r„(,)^(T, a)E*{T, a) (2.35a) 

E{T,a)N{r)ii ^''''' = Sf,''SN{r)-N{s),OmodR{a)e ""' ^('^' (2.35b) 

where the diagonal matrix E{T, a) is the eigenvalue matrix of the extended -ff-eigenvalue 
problem [13 12^] in sector a of the underlying closed-string orbifold Ag{H)/H. 
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We would like to express the matrix-current boundary conditions ()2.34|) in terms of the 
group orbifold elements themselves. For this, one needs to define a unitary matrix W by 
the following twisted linkage relation: 






uj{n{r),a)f,''Tn(r)u 



rT^t 



W'iT,a)X^r)^.Wir,a) 



(2.36) 



According to this definition, the matrix W G Aut{g{a)) is the action of the T-duality 
automorphism u in twisted rep T. The twisted linkage relation is a close analogue of the 
ordinary linkage relation of orbifold theory ^3] 



T: = uj{K)J'T, = w\K-T)TaW{K-T) 



(2.37) 



where W G Aut{g) is the action of the automorphism uj in untwisted rep T. In particular, 
Eq. ()2.36p reduces to the ordinary linkage relation in untwisted open-string sector a = 0. 
The existence of solutions W to Eq. ()2.36|) follows for the same reasons [13 CH EI that 
solutions W exist for the ordinary linkage relation. For inner automorphisms a) of the 
twisted current algebra, the matrix W exists because T'^ is by definition unitarily equivalent 
to T in that case. When lj is an outer automorphism and T'^ ^ T, one must consider g(T) 
and T as multiplets 



9iT) 



I 9iT) 



\ 



m' 



m' 



\ 



I 



T 



( r 



V 



JU 



r^ 



\ 



J 



(2.38) 



which collect the automorphism cycle of uo. Then following Refs. J13t IT^ ITTj. the twisted 
linkage relation is easily solved for W , which is an off-diagonal matrix of size shown in 
Eq. dZSi). 

Using the definitions (j2.17cj) and ()2.34bj) of the two right-mover matrix currents J*-"-*, 
as well as the twisted linkage relation ()2.3fi|l . we find the following relation between the 
two: 



J^'\T,i,t,a) = W{T,a)J^-\T'',i,t,a)w\T,a). 



(2.39) 



This identity gives an alternate form of the matrix-current boundary conditions ()2.34|) 



j(+)(T,0,t,a) = W^(r,a)j(-)(T^,0,t,a)iy (T,(T 



(2.40a) 



J^+\T, TT, t, a) = E{T, a)W(T, a)J^-\T^, vr, t, a)W {T, a)E{T, a)* (2.40b) 

which explicitly involves the matrix W. 
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With these boundary conditions and Eqs. (2.27c,d), we finally obtain the desired form 
of the boundary conditions in terms of group orbifold elements: 

r'(T,e,t,cr)a+^(r,e,t,a) = 

W{T, a)g{T, e, t, a)d^g-\r, ^, t, a)W' (T, a) at ^ = 

E{T,a)W{T,a)g{T,i,t,a)dSg-\r,i,t,a)W\T,a)E{T,aY at ^ = vr . 

This is the most natural description of the general WZW branes at the ends of the general 
twisted open WZW string. The quantities E(T, a) and W(T, a) are defined in Eqs. ()2.H5j) 
and ()2.H(i|l respectively. Following the discussion above, we emphasize that, in the case of 
outer-automorphic uj and T"^ 9^ T, the boundary conditions ()2.41|) relate different fields 
g{T^") in the muhiplet ((2311) • 

The general description ()2.41|) of branes on group orbifolds is another central result of 
this paper. Many explicit examples of this result are found below. 

2.8 Example: Twisted Pree-Bosonic Open Strings 

We turn next to a large class of twisted free-bosonic open strings which is easily obtained 
in the formal abelian limit of our general construction. 

As background for the free-bosonic case, we begin with the untwisted left-mover sector 
of a closed-string CFT on abelian g 

{Jaim),J,{n)} = mGabSm+n,o, fab' = 0, [T„ Tfe] = (2.42a) 

ei" = -ei" = 5i\ Bij = Hijk = 0, i, j, a, 6 = 1, . . . , dim g (2.42b) 

where i,j and a,b label the bosons and the T's are the abelian momenta. Then, twisting 
a general automorphism of the abelian current algebra 

uj{K) eH (zAut{g), (7 = 0,...,A/'c-l (2.43) 

one obtains the left-mover sector cr of a free-bosonic orbifold. Moreover, following the 
development of this paper, we find the abelian data for the corresponding cD-family of 
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twisted free-bosonic open strings: 

^n{r)^Ji■,n{s)y^^*^^ = 0' [Xi{r),i,Xi{s)u] = ['^n{r)t^^'^n{s)i2 = (2.44a) 

{Jnir)f,im+^), Jn(s)u{n + ^)} = (^+ g^)gn(rV;-«(r-),z.(a)^^^^„^ nW+n(.) ^^ (2.44b) 



/ , n(r) \ / . . ^\ 

{Jn{r)^,im+^),g{T,^,t)} = ^(T,^, t)7;(^)^e 



.nn).n(r.f.t)\ = «rT.^.^lx,..^„p/("+^)(*+«) 



n{r) ^ 



C-T- 



-^4r).^(^,e,t)e^^"-^^)(*-^) (2.44c) 

5 n(s)!y -^ n{s)u ri/ r /<-, ^^JN 

-"n(r)^ '^(r)^ '-'^"n(r)— n(s), mod p(o-) ^^Z.^^Uj 

(^)n(r)/.''^''"' = -CU"^(n(r), Or)^''(5„(r)_„(^),0mod p{a) (2.44e) 

Gn(r)/.;n(s)i/ = ^n(r)p;n(s)i.(cr) = X(c^)n{r)MX(o-)n(s)!.f^(o")n(r)p"f/(o-)n(s)i. Gab (2.44f) 

Bn{r)ti;n{s> ^ Hn(r)ti;n(s)u;n{t)S = 0' CT = 0, . . . , A^c " 1 (2.44g) 

i:. = ^a„WM;-nM,-(^)'9+£:^'■^'^'9_a;;"('-)'^ < ^ < vr (2.44h) 

Here a), which satisfies Eq. p.6a|l . is any automorphism"'"^ of the twisted abehan current 
algebra ()2.44b|) . and the unitary matrices U{a) in Eq. ()2.44f|) solve the H-eigenvalue problem 
[TUl IT^ IT3] for the automorphism uj{h„) in Eq. (j2.43p . It is clear from Eqs. ()2.42b|) and 
p.44gD that we are not treating the most general twisted free-bosonic open string, which 
can also involve a class of twisted B fields, B ^ 0. Similarly, we will not discuss any 
particular target-space compactification of the twisted coordinates. 

One may now obtain the classical description of these twisted free-bosonic open strings 
by substitution of the abelian data ()2.44j) into the general results above. For example, one 
obtains the a)-family of phase-space reahzations of the twisted abelian currents 



4V(^'^) = E UU^+^)e-'^'^^"^^^'^'^ (2.45a) 



^i|4(^' ^) = 2^^n(.)p(^, t) + '^d^x:^'>{^, t)g^^s)uMr)M) (2-45b) 

'^n(4(e,t) = ^(n(r),a)/(- 2vrp;;(,),(e,t) + ^^^^^(^^'^(e, t)^n(.)«;nW.(^)) (2.45c) 

from the general realization (j2.5j) . and the corresponding tu- family of branes in twisted 

■'■^Although abelian current algebras (such as Eq. I|2.44b(l ) can be considered as formal limits of non- 
abelian current algebras (such as Eq. (|2.1(l ). the automorphism group of the abelian current algebra is of 
course larger than the automorphism group of the non-abelian starting point. 
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free-bosonic sector a 

d,x<^>{i,t){u-\n{T),a)^i)l = d^x:^^>{U){^-\n{r),a)-i)' at ^ = (2.46a) 

= d^x'^^'^''{^,t){e'''''^)u-\n{r),a)-l)^ at ^ = vr (2.46b) 

follow from the general boundary conditions ()2.33|) . In these results, the basic class [26 of 
twisted free-bosonic open strings is found at tu = 1. 

The simplest case-'-^ of twisted free-bosonic open strings is realized when we appropriate 
the initial left-mover data from a simple inversion orbifold x —>■ —x. In this case, the 
resulting twisted open strings have p{a) = 2, ^^ = i and uj = ±1: 

DN : u=l ; ND : Cj = -I. (2.47) 

For this pair of half-integer-moded strings, T-duality is nothing but reversal of the branes. 
This example is very simple, but we remind the reader that each twisted sector a comes 
equipped (via the i7-eigenvalue problem [HIl 1121 Cnj) with a set {n{r)} of spectral indices 
and hence a corresponding set of mixed boundary conditions ()2.46|) on the twisted coor- 
dinates Xa ■ Mixed boundary conditions with 5 = have also been observed in the 
open-string sectors of the free-bosonic orientation orbifolds |2H l25] and in free-bosonic 
open-string orbifolds [SEj- 

Even simpler free-bosonic open strings are obtained in the untwisted case, where each 
end of the string lies on the same type of brane: 

dtx\i, t)6,\uj'^ + 1),^ = %^(e, t)6,\u-^ - t)a' at e = 0, TT (2.48a) 

uj e Aut{g) . (2.48b) 

This result is obtained by using Eqs. (j2.9p and (J2.42J) in the cr = sector of Eq. (J2.46J) . For 
a single coordinate (with tangent-space and Einstein metric (7=1), one encounters the 
cases (see e. g. Ref. jHI]) 



S = ±- dt did+xd-x (2.49a) 

{/+) (e, t), J^^\ri. t)} = 27iid^5{i T V), {J^-\^, t), J^^\m t)} = -2md^5i^ ± r]) (2.49b) 



■i-^Twisted scalar fields and orbifold sectors were first considered in Ref. 1 , and tliis reference led directly 
to the study of DN (ND) strings in Ref. gj. 
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DD: u = l, j(+)(0 = 27rp(0 + }^d^x{i) 

j(-)(0 = -27rp(0 + i95x(0 (2.49c) 

NN: u = -1, JW(0 = 27rp(0 + \d^x{i) 

j(-)(0 = 27rp(0-i%(0 (2.49d) 

which describe the classic example of T-duality. 

Returning to the twisted case, we give the non-commutative geometry of the twisted 
free-bosonic open strings 

^nMM;n(.).(^^ = e^"(^)^^"(^)'^(a) {e''l^)^u~\n{r), a) - e''^^«cu(n(r), a)) ' (2.50a) 

{x^M^(e,t),x:(^)^(r/,t)} = m5„(,)+„(,),omodpM6^"^^)''^-"(^)'^(a) X 

{{Cj{n{r), a) - u-^{n{r), a))s'' ii ^ = i] = 0, 

o ■ n(r) o ■ n(r) , , , 

(e'"*^cD-i(n(r),(T)-e"'"*^(I;(n(r),a))5'^ if ^ = r/ = tt, (2.50b) 

otherwise 

which is obtained by inserting the abelian data (|2.44j) into the general non-commutative 
geometry ()2.30|) . This result reduces to the untwisted non-commutative geometry 

{.'K.O..^(..t)} J -«°'*^(7-")-'^'* 'f^r"^"-^ (2.51a) 

I otherwise 

a, i = 1 . . . dim (?, g abelian (2.51b) 

in sector (7 = (see Eqs. (j2.9p and (j2.42|) ). The open-string geometries (|2.50|) and (j2.51a|) 
are commutative for DN, ND, DD and NN coordinates"'"^. Simple non- commutative exam- 
ples are easily constructed with two or more coordinates, using e. g. u; = 1, p{p^ = 3 in the 
twisted geometry ()2.50b|) or by using 

/ cos(^) sin(^) \ , , 

tu= ^ V o 2.52 

l^-sin(f) cos(f); ^ ^ 

in the untwisted geometry ()2.51a|) . 

For use below, we also give the equations of motion of the twisted coordinates 

dtxf^Hi.t) = 0''^'^'''''^'H^){s/f^J),i^,t)-u-\nis),a)^^ (2.53a) 

9ex:«^(e,t) = ^'^(^)'^^"(^)^(^)(5/ji|i),(e,t) +^"^(n(3),a)/j(-i),(e,t)) (2.53b) 



•'■''Non-commutative geometry [45-49] is also found for NN coordinates "when B ^ 0. 
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and the following forms of the twisted momenta: 

P:ir),iU) = h {jltr),^^,t,^)-^-\n{r),a),^jl-;^^{U,^)) (2.54a) 

= ^Gn(r),Ms>{^)9tx:^'^''{^, t) . (2.54b) 



Using the automorphic invariance ()2.6a|) of Q, these results are obtained in the abelian 
limits of Eqs. ()2.16p and ()2.26b|) . Note that the boundary conditions ()2.46|) also follow 
from these equations of motion. 

As a final topic in this subsection, we will obtain the complete equal-time algebras of 
the twisted free-bosonic open strings. Following Ref. J2S1, we begin with the solution of the 
equations of motion ()2.53p 



xTi^. t) = f' + ^°'^^°^(a) \{t - 0.(0, a))^ Jos{0)t + (]1 + cD(0, a))^ ^(0)^ 

+ t J2 e-^™*(e-^"^«]l - e^'"«cD(0, a))'^^^^) (2.55a) 



m 



n(s) > 



meZ 

f ( J- "'■*■' "l 

X ye p('')'^l — e^ p'.'^y^uj[n[rj,a)) . , (2.55b) 

m + ^7^ 

where the g's are the zero modes of the twisted coordinates. The brackets of the zero modes 
with the twisted current modes are obtained as follows: 



- ^^„(,^)^(e'^"^+^^^*+«^]l - Co{n{r), a)e'('"+^)(*-«))^" (2.56a) 

=> {Jnir)M + ^), r^^>} = -til - CD(0, a))/<5^ ^ ,5nis),0mo6 pW • (2.56b) 

Here Eq. fl2.56a|) is equivalent to the abelian limit of Eq. ()2.21|) . and Eq. ()2.56b|) follows by 
insertion of the mode expansions ()2.55|) into Eq. ()2.56aj) . 

Using the twisted momenta ()2.54a|) . the mode expansions ()2.55p and the brackets 
fl2.56bjl . we may now compute the complete equal-time quasi- canonical algebra of the 
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twisted free-boson system: 



I 



{Pn{r)fj.i^^'t)^Pn{s)uiV,i)} " ^5n(r)+n(s),0mod p(cr) X 



xd^{u ^{n{r), a)^^6_n(ri{^ + v) - ^{n{r), a)^^6n(ri{^ + v))Sn(r)s-n{r),u{(^) (2.57a) 

P{o") P{o") 

-^Sn{r)-n{s),omod p(a) \u){n{r), a)^^'Sn(ri {^ + v) + ^~^(n(r), o-)/(5_nM (^ + v)) (2.57b) 

p(ct) p(ct) 

{x^«'^(e,t),x^(^)'^(r7,t)} = ^7r(5„(,,)+„(.),omodpH6^"(^)'^-"('-)'^(cr) x 



{u{n{r),(T) — oj ^(n(r), cr))^^ if ^ = r] = 0, 

X <j (e'"*^c:^-i(n(r),(T)-e"'"*^(:D(n(r),a))/ if ^ = r/ = vr, (2.57c) 

otherwise 



0<^,r7<7r. (2.57d) 



To obtain these results, we used summation identities given in App. A of Ref. [21], and 
we also required that the coordinate brackets {x, x} vanish in the bulk. This requirement 
uniquely fixes the {q, q} algebra 

{ff^^q-ir>} = mg'"'^^'~>{a){i;o{0,a)-Cu-\0,(r))^^ (2.58a) 

X {cot(vr^)(2]l - u{n{r), a) + Co-\n{r\ a))'+ 

+ i(cD(ri(r), a) - Cj-^{n{r), a))^} (2.58b) 

and we have checked that all of the Jacobi identities among the J's and g's are satisfied 
trivially. 

We note in particular that: 1) the general quasi-canonical algebra ()2.57|) is canonical in 
the bulk, and 2) the coordinate brackets {x, x} in Eq. (j2.57cj) agree exactly with the result 
fl2.50b|) given earlier. This agreement (which is based solely on the weaker assumption that 
{x, x} vanishes in the bulk) is an important consistency check for the twisted free-bosonic 
open strings. 
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As simple examples, we list the following cases: 

DN : {x\i, t)Mv. t)} = ^m -V)- <^i/2(e + V)) (2.59a) 

ND : {x\^, t)Mv, t)} = im -V) + <5i/2(e + V)) (2.59b) 

DD : {x(e, t), p(r7, t)} = i{5{i - r/) - 5{^ + r/)) (2.59c) 

iViV: {x(e,t),p(r7,t)} = z(,5(e-r/) + 5(e + r7)) . (2.59d) 

All other phase-space brackets in the respective quasi-canonical algebras vanish identically. 
The results for DD and NN agree with those of Ref. [SI] (whose q is related to ours by 
g(a = 0) = 2g for both DD and NN). 

3 Operator Theory of the General Twisted Open WZW String 

3.1 The Twisted Open-String Operator Algebra 

We begin this part of our discussion with the twisted affine-Sugawara constructions of the 
general open-string operator theory 



^a(«.') = E ^"(.>("'+=@)--"""^"'*« (3.1b) 

pez 

-SW (^)VZ^ ■Jn^r)i.KP+^)J~n{r),uVm-p-^)-M 

pal 

- ^^)^n(r)^.,-n(r)/'\(y)-hAm)) + k^{a)5^,^ (3.1d) 

+ ^(m+fl < 0) J„M,(m+f})4(.).(n + f)) (3.1e) 

^o(-) - E <:J"""^^'^(^)i3y(l - S)^nM.;-.«..(-) (3-lf) 



r,ii,u 
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+ {^+T$))^rn+n+^ir}+IiM^o'3n{r)^.■-n{r)u{(r) (3.1g) 



p^") 



.!1MM - _r-r,_L!^^ f . . (rr,^r,^rM. 



[L.{m), J„(,)^(n + ^)] = -(n + ^) J„(„),(m+n+^) (3.1h) 

[L^(m), L<^(?2)] = {m-n)L^{m+n) + 5m+nflzr^m{m^ - 1) (3.1i) 

c = 2/:^{:;^^-"(^)'7a)^„(,)^;_„M,,(a) = 2LfGa, = c, (3.1j) 

Jo 



dtAi^,t) = i[H^,Ai^,t)]. (3.11) 

Here [, ] is commutator and the twisted affine Lie algebra g(cr) is given explicitly in 
Eq. p.lgD . The symbol : ■ :m denotes mode normal ordering [11111121113 and £g(o-)((T) 
is the twisted inverse inertia tensor which, like Qic), is invariant j^H] under the T-duality 
automorphism u G Aut{g{a)): 

C;^r^^'^'\a)Co{n{r), a)/u{n{s), a)/ = C^^'''^'^ {a) . (3.2) 

The explicit form of Cq{^„) (a) for any given WZW orbifold sector appears in Refs. jTUl US 
Unj. The central charge c = c^ in Eq. p.ljD is the same as that of the affine-Sugawara 
construction [42,50-53,37] on (7 = ©/g^ in the underlying untwisted theory. In the classical 
(high-level) limit 

^iw(^)^i^*M' [,]-{,} (3.3) 

the operator results ()3.1|) reduce to the corresponding classical results of Subsecs. 2.1 and 
2.3. We remind that n{r) in Eq. ()3.1f|) is the pullback of the spectral index n{r) to its 
fundamental range <n<p{a). 

We note in particular that, as in the classical theory, the operator currents and the 
operator stress tensors are independent of the T-duality automorphism uj. It follows that, 
for each twisted current algebra 0(0"), the general open-string operator Hamiltonian ()3.1k|) 
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and the bulk moment uiii"'-^ are also cj- independent. The entire a;-family of twisted open 
WZW strings are therefore related to each other by operator T-duality-'-^. 

As far as open-string states are concerned, we first consider the scalar twist-field state 
|0)o-, which satisfies: 

JnirUm + ^ > 0)|0). = MJnir)M + jg < Q) = Q . (3.4) 

From the defining relations in Eq. (j3.4p and the mode-ordered forms ()3.1d|) of the Virasoro 
generators we find the a)- independent conformal weight Ao(cr) of the scalar twist-field [ 26^ : 



Lo-(m)^ = Lo-(— m) (3.5a) 

(L^(m > 0) - (5„,oAo(o^))|0), = .(0|(L,(m < 0) - 5^i^^{a)) = (3.5b) 

{H, - Ao(a))|0), = M{H, - Ao(a)) = (3.5c) 

Ao(^) = -^ E S3) (1 - fy) dim[n(r)] . (3.5d) 

The general formula for Ao(o") is given in Eq. ()3.1f|l . while the simplified form given in 
(I3.5d|) holds when the underlying untwisted theory is permutation-invariant 

2k 
9 = ©/0^, 0^ - simple g, ki = k, Xg = —r (3.6) 

which includes all the basic types of WZW orbifolds. In Eq. ()3.5d|) . the quantities hg 
and Xq are respectively the dual Coxeter number of q and the invariant level of afiine q, 
while dim[n(r)] is the degeneracy of the eigenvalue i?„(r)(o") in the if -eigenvalue problem 
fOl^lEj. These results for the scalar twist-field state are the same as those obtained in 
closed-string orbifold theory, and further evaluation of Ao(cr) is given for specific cases in 

Refs. [niiiiiiiniiiii- 

The scalar twist-field state is the twisted afiine primary state with T = 0. More 
generally, twisted affine primary fields g{T) and their corresponding twisted affine primary 
states \T)(j are discussed in Refs. jHl CSl CEl EHj ■ As in these references, the group orbifold 
elements of the previous section are the classical (high-level) limit of the twisted afiine 
primary fields. To study these topics in further detail, we will use the operator form of the 

•i-^The twisted current-current form of the (non-conserved) bulk momentum is discussed in Ref. |26j . 
■i-^It is an interesting open question to identify the appropriate uj which describes coset^^WZW T-duahties 
such as su(2)©u(l)/u(l)' ~ su(2). 
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UJ- 



-map (j223): 



■^iti ^ ^ntv' m)^ -> m .^)^ . Tg{r)^T^g{r,u) (3.7a) 

\T)„T ^ |T, Cj),T, T\T)„ -. T'^ir, cu), . (3.7b) 

Here u G Aut{Q{a)) is the T-duality automorphism and the automorphic transform T^ of 
r is defined in Eq. (I2.17dll . 

The (D-map ()3.7|) and the results of Refs. [ini 1211 then allow us to write down the action 
of the twisted currents on the twisted afiine primary fields and states: 

-r:^r),9i'r,^,U)e^'^''^^^'''^ (3.8a) 

Jn{r)^.{m+^ > 0)\T,^)^ = 5„+^^o(|T,(:;)^r„(^)^ - r^^^)^\r,u)a-) (3.8b) 

^^ ' pi.")' 

-rni,,)^{W{r,a)\T,u),)). (3.8c) 

We note first that Eq. ()3.8a|l is the operator analogue of the classical brackets ()2.24|1 . 
The action (j3.8b|l of the twisted currents on the twisted afiine primary states follows from 
the commutator ()3.8ap when the states are created by the twisted afiine primary fields 
on the scalar twist-field state [16^. In Eq. ()3.8cp . W G ^4^^(0(0")) is the action of the 
T-duality automorphism u in twisted rep T, which satisfies the twisted linkage relation 
(I2.3(i|l . This last result shows that the action of the twisted currents on the particular linear 
combinations W{T)\T,uJ) is in fact cD- independent"'"^'^. Then since the Virasoro operators 
are tD-independent quadratics in the twisted currents, we see that, as expected, the entire 
(D-family of T-dual twisted open WZW strings has the same spectrum (conformal weights): 

A{T,Cu) = A(r), Cu e Aut{Q{cr)) . (3.9) 

The explicit form of A(T) is given in the following subsection. In what follows we return 
to the simpler notation g{T,uj) = g{T) for the twisted afiine primary field. 

We emphasize that the results (3.8b,c) hold in the non-abelian case, where the primary 
fields create the primary states. In the abelian (free-boson) case, on the other hand, the 

•l-^^Note ho"wever that the ly-transformed states in Eq. (|3.8c|l are not themselves w-independent. 
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primary states are created by the primary fields only when there is a zero mode q canonically 
conjugate to the current zero modes J(0). Thus e. g. Eq. ()3.8b|) holds in the case of a 
single NN coordinate 

u = -l: T'^ = ujT = -T (3.10a) 

Jim > 0)\T,Lu) = 5ra,o{\T,u;)T + T\T,ij)) = 5„,,o2T\T,uj) (3.10b) 

L(m>0)|T,cu) = (5^,oA(T)|T,cu), A{T) = 2T^ (3.10c) 

where T is the abelian momentum. For the corresponding DD case, however, q commutes 
with J(0) and the abelian limit of Eq. (j3.8bj) does not hold. Eigenstates of J(0) which 
satisfy Eq. ()3.10b|l exist in any case, but for DD they are not created by the primary fields. 
Because the DD and NN Virasoro generators are identical {L{0) = ^ J(0)^ + R) the DD 
spectrum on these eigenstates is the same as the NN spectrum. (In conventional language, 
this spectral equality corresponds to compactification of DD and NN on dual lattices.) 
More generally, the cD-independence of the Virasoro generators guarantees that the spectral 
equality ()3.9|) can always be maintained for cu-families of twisted free-bosonic open strings. 

Returning to the general non-abelian case, we close this subsection with the commuta- 
tors of the Virasoro generators with the twisted afiine primary fields 



[L.(m),^(r,e,t)]=^(r,e,t)(-i9+ + mI)j(.)(r))e'-(*+«) 

+ e-(*-?)( -19_ +mPg(.)(r^))^(r,e,t) (3.11a) 

= e^'"* {-i cosim^dt + smim^d^) g{T, ^, t) 

+ me'-* (e^™«^(r,e,t)Psw(^) +e-^'"^^0w(r^)^(r,e,t)) (3.11b) 
Pg(.)(r) = /:;J;;^-"('^)'^(a)r„M,r„„(.),. = U{T, a)D,{T)U\T, a) (3.11c) 

Dg{T)=LfTaT, (3.11d) 

which follow via the cj-map (|3.7|) from the corresponding cI; = 11 results of Ref. [^Hl- Here 
Dg(T) is the conformal weight matrix of rep T oi g under the afiine- Sugawara construction 
[42,50-53,37] and Pg(o-)(T) is the corresponding twisted conformal weight matrix 13, of the 
twisted open WZW string. 
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3.2 The Twisted Vertex Operator Equations and the One-Sided Notation 

As another apphcation of the a)-map ()3.7|) . one can obtain the two-sided and then the one- 
sided forms |311 1211 12^1 of the twisted vertex operator equations from the corresponding 
results of Ref . [22] • For example, the following two-sided form of the twisted vertex operator 
equations^^^ 



-,n{r)^;—n{r),u/ \ 6 



2; "y ' ^ 

-2z/:j;:j--"^'^-^-(a)-— ^75,),^(r,e,t)r_„(,v (3.12a) 



ld.gir,u) = -2^cll]''■^-^'^'''ia) :r4,),Ji;},),,(e,t)^(r,e,t):M 



+tv~,^.^{T)g{r,u) - 2^c^:r""^^^''^(^)^%,nM,.^(^'^'^) 



■■ -njr) , 



-2^<:!"""^^^"(-)f^^4o.^(^,e,t)r_„(.), (3.12b) 

:'^nM.(^ + ?S)^(^,e,t):M=^(m + ^<0)J„M,(m+jM)^(r,e,t) + 

+ e{m+^>0)g{T,^,t)Jnir),{m+^) (3.12c) 

are obtained with d± = dt±d^ by the cD-map from Eq. (4.31) of Ref. j2ni- With Refs. [^ 1^. 
we emphasize that these vertex operator equations are generically singular at ^ = 0, tt - 
and hence so are the twisted affine primary fields themselves. These singularities result as 
a charge and its image approach each other at the strip boundary. The formal mechanism 
which generates these singularities in open-string WZW theory is reviewed in App. A, 
where we discuss the properties of the constituent affine primary fields g = g-g+. In 
special cases, such as the open-string sectors of the WZW orientation orbifolds (see Sec. 4), 
the singularity at ^ = is suppressed. 

For brevity, we will present most of our results only in the simpler one-sided notation 
PH |2ni , which is defined as follows 

~g{r, z, z, a)^(^)'^^^M'^ ^ g{T, z, z, a)^.(,)/(^)'^ (3.13a) 



■'■^^By solving the twisted vertex operator equations of closed-string orbifold theory |13| in the abelian 
limit, the twisted vertex operators of closed-string free-bosonic orbifolds were obtained in Ref. 14 . It 
would be interesting to explicitly solve the corresponding (see Eq. (|2.44|l ) free-bosonic form of Eq. (|3.12|) 
for the twisted vertex operators of the general twisted free-bosonic open string. An example of this is 
discussed for the free-bosonic orientation orbifolds in Subsec. 4.5. 
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= -^^(")^^^(*)'5^(.)f (^)^(A)^(,)f «^ (3.13b) 

= -(^(T, z, z, a)B A)^(^)'';^W'^ (3.13c) 

i ^ _A*, (^i)^^^,^^iv(s). ^ ^^(^)^a^Mm (3.13d) 

where superscript t is matrix transpose. In our application, we will need in particular the 
automorphically-transformed matrices T'^ 

T^%)^iT, a) ^ -r4,)^(T, aY = -(^(n(r), a)/T„(,),(r, a)* (3.14a) 

= ^(n(r), a)/T„(,),(T, a) = r4)^(T, a), f = -T* (3.14b) 

which are the images on the right of the matrices T"^. The first form of T'^ in fl3.14b|) was 
obtained using a result of Ref. [21]. Moreover, as shown in Eqs. ()3.13b|) . ()3.13c|) . T'^ always 
acts on the right indices of ^, while T acts on the left indices. This B(^A bookkeeping should 
be born in mind even though we sometimes neglect the ordering in the tensor product 

f^®T^T®f^ (3.15) 

for notational convenience. The matrices T^ satisfy the same orbifold Lie algebra ()2.7c|) 
satisfied by the twisted representation matrices T, T'^. 

In the one-sided notation, the commutators of the twisted fields take the form: 



[Jnir)M+^).kT. e, t)] = ^(T, e, t) (T„M,e'^'"+^ 



^)(*+0 



n(r) 



+%.e^^ ^'^'0 (3.16a) 

[L,{m),~g{r, e, t)] = e*™* {-z cos{mOdt + sin(m05g) ^(T, ^, t) 

+ me'^'~g{T,U) (e^'"«P0(.)(r) + e-"^«PgM(r^)) (3.16b) 

^9Wl^ )-■'-■ 3(a) {^)-^n(r)fi-^-n{r),u - ■'~'Q(a) \(^ } ^ n{r) ^i ^ -n{r) ,u 

= P0(.)(r)* = I)g(.)(T). (3.16c) 

We remind the reader that, in spite of the identity (j3.16cp . the twisted conformal weight 
matrix I^0((t) {T'^) acts on the right indices of g. Similarly, the one-sided forms of the general 
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twisted open-string vertex-operator equations 



i9j(T, e, t) = 2.£^;:;--"(^)-(a) [ ■. j^^^i^, tm, e, t) -.u 



^^(T, e, t)r„(,)^ + ^-^^(T, e, t)r4) J T_„(,),, + il{r, e, t)l^g(.) (T) (3.17a) 






n{r) 



(ct) v^y y • •^„(r)^vs) '-yyv^ 5S) ■-; -m 



[9+,9_]^(r,e,t) = (3.17c) 

follow from the two-sided forms in Eq. ()3.12p . 

As another application of the one-sided notation, we present the explicit form of the 
tu-independent conformal weights of the twisted affine primary states 



L„{m>Q)[\T,u),^®W{TY)=5^^^[\T,u)A®W{Ty)/\{r) (3.18a) 

A(T) ^ C^^\a){%, - %,){%^ - To.) 

~'^^1{l)^' "^ "^ '''jf^'^n{r)lJ---n{r),u {%5 — %5) + ^o{(^) (3.18b) 

which was promised in Subsec. 3.1. This result for A(T) (which in general needs further 
diagonalization jTHj) follows directly from Eq. ()3.1|) and the one-sided form of Eq. ()3.8c|) . 



3.3 The General Twisted Open-String KZ System 

We now present the third central result of this paper, namely the one-sided form of the 
general twisted open-string KZ system: 

§r{T, z, z) = ~g{T, ^, t)2"^0W^^^ ® ^-^sw(^") (3.19a) 

F^{T, z, z) = ,(0|^k(T«, ^1, zi)... ^r(T("), Zn, ^n)|0). (3.19b) 

dik{T, z, z) = F,{r, z, z)Wi{T, z, z, a), BiF^iT , z, z)=F,{T, z, z)W^{r , z, z, a) (3.19c) 
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"('•) q-(j) „ q-{i) 

n(r)fj.;—n{r),u / \f V"~^ / ^j \ '' n(r)fji ^ —n{r),v 



Mr, -z, z, <y) = 2/:j(:;--"(^)-(a)( 5^ (i) 



V, r)i/. ^^ —niri.v n U-\ -L 



+ y f ^"l ^'^' '"(-)'^ ^ '-"(-)■- _ Miilr« r« , ) (3.i9d) 

.^L^ \ 7. I 7- — 7- /^W r- '^(^)/^ -n(r),i// V y 






■ /■ \Zi J Zi Zj 



+ y f ^"l ''^' -(-^^ ^ ""^-^'- - Mi) If «f f «f, ) (3.19e) 

Z_^ \ 7. I 7- — 7- P'y'^) 7- "W'' -■n-{r),i'J \ I 
_ n 

i(T, z, ^) 5^(ro5;) ® ]1 + 1 ® To«'^) = (3.19f) 



1=1 
^. ^ g*(t.+^.)^ ^^ ^ e*(t.-e.) (3.i9g) 

^^^t. = 2^M ^ = 4=2^^- ^. = ^,±% (3.19h) 

n(r) n(r) 



g^^r^w-t-^j-^*-?*-!^ !:£ = Q^ji^V'j-iij--^i-t.i) (3.19i) 

n(r) n{r) 

T^^ = T{T^\a), f^"^^^ = -T^{T^\aY = Cj{(y)T{f^\a), i = l...n (3.19k) 

cI; G AMt(0((T)), CT = 0,...,A/'c-l. (3.191) 

This system can be obtained directly from Eq. (4.41) of Ref. [^, using the cD-map ()3.7|) . 
Here |0)o- is the scalar twist field state defined in Eq. ()3.4p . and following Ref. I^Hl, we have 
removed the standard cylinder factors from the reduced afiine primary fields g^. The rela- 
tion in Eq. ()3.19fjl is the global Ward identity associated to the residual symmetry algebra 
(zero modes) of the twisted current algebra 0(cr). We remind that T ,T'^ are twisted rep- 
resentation matrices satisfying the orbifold Lie algebra ()2.7c|) . while the integers n(r), p{a) 
are defined in the if-eigenvalue problem ^01 1^ |^ of the underlying untwisted theory. 
Because the twisted inverse inertia tensor C is invariant under the T-duality automorphism 
Co (see Eq. (j3.2j) ). the Co factors can in fact be omitted from the terms in Eq. (|3.19e|) with 
two (D's. 

From a physical point of view, the twisted open-string KZ system ()3.19|) shows in the 
clearest possible terms that the only effect of the duality automorphism Co is to globally 
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"rotate" the non-abelian image charges T*^*-* at Zi. 

The general twisted open-string KZ system ()3.19|) has the form of a "doubled" but 
standard chiral orbifold KZ system ^3 ^^ QHl ^| on 2?7, variables with a specific choice of 
twisted representation matrices: 



F.(r, (4) ^ F<,(T, z, ^), 5«F.(r, (4) = F^{r, {z})W^{T, {4, a) 



(3.20a) 



W,{T,{z},a) 



r)f-ri{r)fj,;-n{r),u,^ 






E 






^ p(o-) n{r)fi —n{r),u 



2n 



^<.(^,{4)E^o!?=0' ^/^ 



9^ 



_d_ 

dz^ 



K = l 



^Kp — Zf^ Zp^ Zf^ 



z^_n, K = n + l...2n 






%(^,)^,{T^-\a) K = l...n 



(3.20b) 
(3.20c) 
(3.20d) 
(3.20e) 



Then it follows as expected jUl IHH IIH EEj that the n-point correlators of our twisted 
open WZW strings have the same general structure as the 2n-point correlators of ordinary 
(closed-string) orbifold theory. 

We finally remark that, if our initial data was taken from the a = sector of any 
closed-string WZW orbifold (including the trivial orbifold with H = 1), then the general 
twisted open-string operator algebra reduces to the following untwisted algebra: 



[Ja{m), Jb{n)] = ifab'Jcim + n) + Gabm6m+n,o, a,b = l,..., dim g 



(3.21a) 



[Ja{m),giT, z, z)] = ~g{T, z, z){TaZ-^ + f^z-^) 



Lg{m) = LfJ2- ■Up)Mm - p) :, if = ®i 



P& 



a{I)b{I) 
'll 

2kj + Qj 



(3.21b) 
(3.21c) 



[Lg{m),g{T, z, z)] = ~g{T, z, z)({dz + mD,{T))z^ + (B z + mD,{f^))z^) (3.21d) 
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Dg{T) = LfTaTt, Dg{f^) = Lf f:f^ = Dg{T), f: = uoa'% = -Ua'T^ (3.21e) 
[Ta, n] = ifab'T,, [f:, f,^] = lUf:, uj e Aut{g) . (3.21f ) 

Here Eq. fj3.21ap is the untwisted affine Lie algebra [40-42,37] on g, and Lg{m) are the 
modes of the affine-Sugawara construction on g [42,50-53,37]. The corresponding general 
untwisted open-string KZ system 

n 

F(T,z,z) = (0|^(r«,^i,Zi)---^(r("\^n,^n)|0)n^r''^^^"^®C''^^^"'"^ (3-22a) 
g.F = F2Lf(^ ^°/J> +^ ^° ^J> ) (3.22c) 

3+1- J 

n 

fY^(T^^®1 + ll^fi*)''^) = (3.22d) 



i=l 



is similarly obtained from Eq. (|3.19|) in the a = sector. In this case, the non-abelian 
image charges T = — T* are globally rotated by an automorphism of the untwisted affine 
algebra. These untwisted open-string KZ equations were stated previously (with T = T'^) 
without derivation in Eq. (6.33) of Ref. [21]. The special case uj = 1 was first derived in 
Ref. ED. 



3.4 Overview of Examples and Subexamples 

Among the twisted open WZW strings in our general construction, we focus here on those 
classes of examples which have to some extent been studied before: 

• Twisted Free-Bosonic Open Strings 

The classical description of twisted free-bosonic open strings was given in Subsec. 2.8, in- 
cluding their branes and quasi-canonical algebra. These results were obtained from our gen- 
eral construction by choosing the underlying group manifold to be abelian (see Eq. ()2.42j) ) 
and substituting the twisted free-bosonic data in Eq. (j2.44|) . 

Owing to the linearity of free-boson theories, the corresponding operator results for this 
class of examples can be obtained by the global substitution of commutators for brackets 

{A,B} ^ [A,B] (3.23) 
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in all the results of Subsec. 2.8. This substitution and the data in Eq. ()2.44|) allow us 
to apply the operator results of Sec. 3 to the twisted free-bosonic open strings. We have 
already used this prescription implicitly in comparing NN and DD spectra in Subsec. 3.1. As 
further examples of this prescription, the open-string sectors of the free-bosonic orientation 
orbifolds EH ESI are revisited in Subsecs. 4.3 and 4.5. 



• The Basic Class of Twisted Open WZW Strings 

The basic class of twisted open WZW strings j^H] provided the framework for the general 
construction given here, and is obtained by setting the T-duality automorphism a) = 1 in 
all the results of this paper. As an example, we note the classical description of the WZW 
branes for the basic class [SEl 

^(x) = e(x), r^ = T, W{r,a) = l (3.24a) 

g-\r,^,t,a)d+g{r,^,t,a) = 

g{r, e, t, a)d-g-\T, ^, t,a) at ^ = ^4^) 

E{T,a)g{r,U,(^)d-g~\r,U,(r)E*iT,a) at ^ = tt 



as a special case of our general result in Eq. ()2.41|1 . We remind that E(T, a) in Eq. ^2 
is the eigenvalue matrix of the extended if -eigenvalue problem fSl EEj in sector a of the 
underlying WZW orbifold Ag{H)/H. 

This class of examples is special because it is a collection of open-string orbifolds 
A°P^"'{H)/H of open strings A^^^{H), with orbifold sectors a = 0, . . . , Nc — I (where 
Nc is the number of conjugacy classes of H). Bearing in mind that orbifolds involve in- 
teractions among sectors, it is an open question whether any other complete orbifolds can 
be assembled from the twisted open strings of our general construction (see the related 
comments on orientation orbifolds at the end of this section). Ref. |26J also discusses an 
explicit non-abelian example of the non-commutative geometry in the basic class, as well 
as the twisted free-bosonic constructions in the basic class. 

• The General Untwisted Open WZW String 

The general untwisted open WZW string is the special case of our general construction 
with cr = 0, oj = ujEAut{g). In this case, the WZW branes are the same at both ends of the 
string 

g~\T,^,t)d+g{T,^,t) = W{T)g{T,i,t)d^g-\T,i,t)w\T) at ^ = 0,7r (3.25a) 

T," = uja'n = w\T)TaWiT), WiT) e Aut{g) (3.25b) 

where u G Aut{g) is the (untwisted) T-duality automorphism, W(T) is the action of u 
in rep T and Eq. ()3.25b|) is isomorphic to the ordinary linkage relation ()2.37|) of orbifold 
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theory. As discussed in Refs. [ISIIIIIIIZI and Subsec. 2.6, rep T can be reducible when W 
is an outer automorphism of g. The non-commutative geometry for this case is given in 
Eq. ()2.HH1 and the corresponding open-string KZ system appears in Eq. ()H.22|1 . 

The subexample with u = W = 1 is the set of basic untwisted open WZW strings 
constructed in Ref. [SI] - and this case is also a subset of the basic class above. An 
explicit non-abelian example of the non-commutative geometry for this case was given in 
an appendix of Ref. EBl (see also Ref. |SS1)- The description ()3.25p of the WZW branes 
for uj = W = 1 was first given in Ref. [12] , and additional discussion of branes on group 
manifolds appears in Refs. [60-69]. 

• The Permutation-Twisted Open WZW Strings 

The open-string permutation orbifolds 

A open/ TT\ 

' , ^ = ©f=i0', g'^ simple g, kj = k, H C Sk (3.26) 

II 

(i. e. the basic class of permutation-twisted open WZW strings at cj = 1) were briefly dis- 
cussed in Ref. [21] • More generally, permutation- twisted open WZW strings with arbitrary 
(D are obtained in our construction when we appropriate the initial data from the left-mover 
sectors of any closed-string WZW permutation orbifold ^Sl^SEj on semisimple g. This 
data includes e. g. the twisted current algebra g(cr) 



+ Vabkf,{a){m+j^)S^^^^^^J (3.27a) 



n{r)fi^jaj, ^ - /^fcy, a = 1, . . . , dim g, ] = 0, . . . , f,{a) - 1 (3.27b) 

which in this case is called a general orbifold affine algebra [HI El El QB]- This result is 
given in the cycle notation [14-16] for permutations, where /j(cr) is the length of cycle j, 
and j labels the position in each cycle, for example: 

Zx:fjia) = pia), j = 0, . . . , p(a)-l, j = 0,...,^-l, a = 0, . . . , p{a)-l (3.28a) 

Za, A = prime: p(a) = A, j = 0,...,A-l, j = 0, a = 1, . . . , A - 1 (3.28b) 

n{a)-l 

Sn ■■ /j(cr)=crj, cTj+i < cTj, J = 0, ...,(Tj-l, j = 0, ...,n(a) - 1, ^aj=N. (3.28c) 

i=o 

The permutation-twisted open strings also contain a general orbifold Virasoro algebra (with 
fractional-moded Virasoro generators), which is similarly inherited from the permutation 
orbifolds jHllMllin]- We will return to this subject in Sec. 5. 
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A large subset of these open strings are described by the following twisted representation 
matrices 

T^a,iT. ^) = Ta^M)^ %(^)«'^'" = h^rS.^t^^^,^^. /,(.) (3.29a) 



"ij 



u{j^,a)l = e'^'^^^''^{up),' (3.29b) 



2.iJV _ , ,. _ ^„ _ , ^ 2.^-"^' 



7^^(T, a) = T^e-^{Cop)/t./a), f^^{T, a) = f.e^^^^.<^' {^p)/t_^,,M) (3.29c) 

[Ta, n] = tUn, t~^,{aMcr) = 5,it^^^i/cr) (3.29d) 

where T is any irrep of simple Q and T = — T*. The matrix ujp in Eq. ()3.29b|) is a 
permutation which can exchange cycles of the same length and Uj is a cycle-dependent 
integer. This class of T-duality automorphisms u can be further generalized to include 
Lie automorphisms acting on the index a, but we will not explore this possibility here. 
Together with the labelling ()3.27b|) and the twisted inverse inertia tensor ^SJ El ITB] 



^Sr^^) = /^.(a)2A; + Q/^+''0-°^ /^('^) ^^-^^^ 

the twisted representation matrices in Eq. ()3.29p provide the explicit form of the twisted 
KZ system fl3.19|) for the permutation-twisted open WZW strings. 

The branes of these strings are described by the following special case of Eq. ()2.4ip : 

W{a)g{T, e, t)dSg-\r, e, t)W' {a) at ^ = 

E{a)W{a)g{T,S,.t)d^g-\r,i,t)W\a)E{ar at ^ = vr 

^(^)i/ = ^i/%(^) = %'e"^-^ (3.31b) 

W\a)t.^{a)W{a) = e'^'^ {Cop),\,{a) . (3.31c) 

Here we have used the simplification E{T, a) = E{a) for the eigenvalue matrices, which is 
well-known in the theory of WZW permutation orbifolds P^ IT^ ITHj . The solution of the 
twisted linkage relation W{T, a) = W{a) is similarly independent of twisted rep T. The 
general solution of the reduced linkage relation (j3.31c|) is beyond the scope of this paper, 
but we remind that oj = W = 1 ior the special case of the basic permutation-twisted open 
strings J2S1- 

In the same fashion, the known left-mover data ^3 El QEl E| of the various closed- 
string WZW orbifolds Ag{H)/H on simple g can be straightforwardly substituted in the 
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general construction above to obtain the corresponding sets of twisted open WZW strings, 
including in particular their branes, twisted non-commutative geometry and twisted open- 
string KZ equations. 

• The Open-String Orientation-Orbifold Sectors 

Another class of twisted open strings contained in our general construction is the set of 
open-string sectors of the WZW orientation orbifolds |24| ESI 

MH-) 



H 



H C Aut{g © g) (3.32) 



where H^ contains world-sheet orientation-reversing automorphisms. The closed-string 
sectors of these orbifolds arise by twisting the orientation-preserving subgroup of H_ (and 
hence these sectors form complete WZW orbifolds by themselves), while the open-string 
sectors of these orbifolds are obtained by twisting the orientation-reversing automorphisms. 
It follows that, in contrast to the twisted open strings of the basic class, the open-string 
orientation-orbifold sectors do not by themselves form an (open-string) orbifold. Like con- 
ventional orientifolds [27-30], the orientation orbifolds have an equal number of closed- and 
open-string sectors, but in distinction to orientifolds, both the open- and closed-string sec- 
tors of the orientation orbifolds are generically characterized by fractional moding. Presum- 
ably, the open-string sectors of the orientation orbifolds are associated to their closed-string 
sectors by non-planar processes, but we will not study this issue here. 

In the following section we revisit the open-string orientation-orbifold sectors as a spe- 
cial case of our general construction, which allows us to discuss e. g. their phase-space 
realizations, non- commutative geometries and T-dualities for the first time. 

4 Example: Open- String WZW Orientation-Orbifold Sectors 

4.1 Identification in the General Construction 

As a large example, we turn next to the identification of the open-string sectors of the 
WZW orientation orbifolds [211 ES! 

^[^ ~\ H C Z2 (world-sheet) x H, He Aut{g) (4.1) 

in our general construction. The notation in Eq. ()4.H1 is a more explicit form of that given 
in Eq. ()3.32|1 . These twisted open WZW strings are characterized by an orbifold Virasoro 
algebra (including extra twisted Virasoro generators) and a doubled central charge c = 2cg, 
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both of which directly reflect the twisting of the orientation-reversing automorphisms of 
closed- string WZW models. 

We begin this section by reviewing some important background information about the 
open-string orientation-orbifold sectors. In particular, we may read off from Ref. J23] the 
twisted current algebra Qoi'^) 

''*' n(r) ^i;n{s)u \'~' j^n{r)+n(s),o,u+v\"''^^ "'^^ pi^\ '^ 2 ' 

+ 2{m+^^^ + ^)Su+v,Qmod 2^^ , „ , n(r)+n(«) ^ u+v f^QnM^J-.-nM.ui'^) (4.2) 



of each open-string orientation-orbifold sector. The notation here follows Ref. [21], where 
Q,{(t) and J-'{(t) are the ordinary twisted tangent-space metric and twisted structure con- 
stants of space-time orbifold theory [11111121113], while m, v label the additional two-component 
structure of these open strings. All quantities in this section are doubly-periodic 

n{r) -^ n{r) ± p{a) , u—^u±2 (4.3) 

in the extended spectral indices n{r),u, where p{a) is the order of the Lie part h^ of 
the orientation-reversing automorphism h„ in the underlying untwisted closed string (see 
Eq. ()4.8j) ). We note in particular that —u is equivalent to u, and we denote the pullbacks of 
the spectral indices to their fundamental ranges by n{r) G {0 . . . p{a) — 1} and u e {0, 1}. 

Ref. [21] also gives the fractional-moded orbifold Virasoro algebra [SI JSEl ^1 1211 12^] 

L„(m+|) = 

^i^„M.;-nM,.(^)^^ ^ 4M..(j>+^ + |)^-n«,.,.-.(m-p-5g + V): (4.4a) 

[^.(m+f ), 4(,)^,(m+^ + |)] = -(n + ^ + |)4(,)^,.+,(m+n + ^ + ^) (4.4b) 
[L„(m+|),L,(n + |)] = (m-n+^)L„+,(m + n + H±-) 

+ 5^+„+H±.,o^("^+!)((^+|)' - 1) (4-4c) 

= KbS"""^^^"(-)EE ^'^'^MM«(P+fi + |)^-nM..-«(--P-f}-|): (4.4d) 

u=0 
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[L.M, J„(,),„(n + ^ + |)] = -(n+^ + l) J„M,„(m+n+^ + f ) (4.4e) 

2c 
[L^(m), L^(?2)] = {m-n)L„{m+n) + (5m+„,o^"^("^^ - 1) (4.4f) 

in each open-string sector, where J^\trj){(^) is the ordinary twisted inverse inertia tensor of 
space-time orbifold theory ^UJ ^1 ^] and {Lo-(m)} are the ordinary Virasoro generators. 
The quantity Cg is the central charge of the left- or right-mover afiine-Sugawara construction 
[42,50-53,37] in the underlying untwisted WZW theory. The orbifold Virasoro algebra has 
the following equal-time form 

0i^ne,t) ^i,Yl ^«(^+f)e-^("-^^)(*^«\ TW(e,t) = Qt\^^t) (4-5a) 

meZ 

^''" 5„+,,0mod 2(5| + d^)6^{^ - T]) (4.5b) 



— l- 



-9 



247r 
in terms of the twisted stress tensors 6„. 

The orientation-orbifold current algebra go(c") in Eq- ()4.2|1 is a particular type of 
"doubly-twisted" current algebra 13 E]- These current algebras are in fact isomorphic 
to the left-mover twisted current algebras of the generalized Z2 permutation orbifold on 
g (B g, whose automorphism group H' includes a general Lie automorphism on g: 

^^^^^, H'CZ,xH, HcAutig). (4.6) 

(In the WZW orientation orbifolds, the two copies of g are the left- and right-mover sectors 
of the closed string theory). The doubling c = 2cg of the central charge in the Virasoro 
algebra ()4.4t|) and the orbifold Virasoro algebra ()4.4cp . ()4.5b|) are easily understood in this 
picture. 

The orientation-orbifold operator algebra (j4.4j) also holds in the (left-mover sector of 
the) generalized Z2 permutation orbifold, but the orientation orbifolds have a distinct rep- 
resentation theory in terms of the twisted affine primary fields g. For the commutators 
with the twisted current modes, we read again from Ref. j24] 

[4MM».(m+^+l),^(r,e,t)] = ^(r,e,t)(r„(,),„(T,a)e^("+^+t)(*+o + 

'Tn{r)tJiuiT,a) = Tn{r)^,{T,a)Tu, %[r) ^luiT , a) = Tn(^r)^l(T,a){-l)'"■Tu, u e {0,1} (4.7b) 

tq = I2, ^= Pauli matrices (4.7c) 
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where these results are given in the one-sided notation. The matrices Tn(r)fj,uiT,(r), 
%i{r)iJ.u(T,a) are the total twisted representation matrices, while Tn(^r)^l(T,a),Tn(^r)^l(T,a) 
are ordinary twisted representation matrices ^\ constructed from the Lie part ha of the 
orientation- reversing automorphism: 

^(/^a) = ri (g) co{ha), WiK; T) = Ti0 W{ha; T), h^ E Aut{g) (4.8a) 

uj{ha)U^{a) = U^{a)E{a), W{K; T)U\T, a) = U\T, a)E{T, a) (4.8b) 

T„(,)^(r, a) = x(a)„(,)^t/(a)„(,)/[/(r, a)TaU\T, a) . (4.8c) 

Here ri is world-sheet orientation reversal and u and W are the actions of the total 
orientation- reversing automorphism h^, as discussed in Refs. P^ EHj- The relations in 
Eq. ()4.8b|) are known in closed-string orbifold theory as the if -eigenvalue problem [TIH IT^ 
and its extended form ^^1; which encode the action of h^ in various representations of g. 

We will also need the commutators of the twisted affine primary fields with the Virasoro 
generators 

[L„(m+|) J(r,e,t)] = ^(T,e,t)r4( -§5 + (m+|)Pg(.)(T))e*(-+t)(*+0 

+ ( -i^I + (m+|)Pg(,)(r))e^("^+t)(*-«) (4.9a) 



[L.(m)J(r,e,t)]=^(r,e,t)((-§9+ + mI)g(.)(T))e^-(*+«) 

+ ( - §91 + ml)g(,) (T) )e^'"(*-«) ) (4.9b) 

= e™* {-I cos{m^)dt + sm{mOd^) ~g{T, ^, t) 

+ me^-*^(T, e, t) (e^-«Pg(,)(T) + e-^'"«Pg(.)(r)) (4.9c) 

1 
T^gia){T) = Y^ /:^^''(^^^"'""^''^''''""(a)r„(,,)^„(T, a)r_r,^r),u,-u{T, a) 



n=0 



C^:^^"'^^^^"(c^)^n(.v(T, a)T_„(.),(r, a) (4.9d) 



-,n{r)fiu;—n{r),u,—u 



u=0 



^bw(^) = $^/:^j;^-"^''^'^'""(a)7;(,,),.(T,a)71.(.),.,_„(f ,a) = P^(.)(T) (4.9e 

'9oW ICrj = 20«+i,,0mod2'i-g(^) 



''-a^M (Crj - 2'^«+i',0mod2't-af^-) (0-j (4.9tj 
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which are similarly read off from Ref . [23] . The six-index tensor L* in Eq. ()4.9f|) is the total 
twisted inverse inertia tensor of the open-string orientation-orbifold sector, while the four- 
index tensor C* is the ordinary twisted inverse inertia tensor above - which is associated 
to the Lie part h^, of the orientation-reversing automorphism. 

Fractional-mo ded Virasoro generators are not generic in twisted open strings - and 
hence cannot be included explicitly in our general construction. For open strings, so far 
as we know, fractional-moded Virasoro generators are specific to the open-string sectors 
of the orientation orbifolds and the permutation-twisted open strings (see Subsec. 3.4) - 
where they can also be added consistently by hand. 

Except for the relations involving the half-integer moded Virasoro generators Li(?7i+^), 
all the orientation-orbifold results above can in fact be put into the form of our general 
open-string construction. To do this, one needs the super-index notation n{r)fi introduced 
in App. B of Ref. [231: 

n{r)^,^n{r)^, = n{r)^,u, ?g} - f} = ?S + I (4-lOa) 

Mil _^ Mjil _ liM \u_\ n(r)_ ,u\ (A -I ny.\ 

p{a) -^ p(a) - p(a) + 2 Lp(<x) + 2J ^4.iUDJ 

n{r) n(r) _/ ■, 

-) = [-) f{z,w;y{r,u)) (4.10c) 



y{r,u)^^ + l f(z,w;y)^l + ^—^eiy>l) (4.10d) 



z — w 
w 



Qn{r)ii;n{s)u{'^) ^ ^n(r)/i;n(s)i>(c") — Qn{r)tiu;n{s)iyv{'^) — '^^ u+v, mod 2Gn{r)ii;n{s)iy{'^) (4.10e) 

According to the super-index map — >■ above, one obtains the orientation-orbifold results 
from our general development as follows: Take any n{r)fi result of this paper, rewrite it as 
an n{r)fi result, and then expand into the n{r)^u notation of the orientation orbifolds. For 
instance, Eqs. (4.10e,f) illustrate this procedure in the case of the twisted tangent-space 
metric and inverse inertia tensor of this paper. The final (four-index) quantities ^.((t) and 
£"(cr) in Eq. (4.10e,f) are the ordinary twisted tensors associated to the Lie part h„ of 
the orientation-reversing automorphism. We will also need the super-index form of the 
extended if-eigenvalue problem in the orientation orbifolds 



wCK;T)u\T,a) = u\T,a)E{T,a) (4.11a) 

E{T, a) ^ E{T, a) = r,E{T, a) (4.11b) 
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where W is the action in rep T of the total orientation-reversing automorphism h^ (see 
Eq. dUil)). 

As another example, we give the super-index form of the (ordinary) orientation-orbifold 
stress tensors in Eq. ()4.5a|l 



^^n(.).;-„M.(^) E ■■ ^tU(^' t)J%).,-ui^^ t) ■ (4-12) 



1 /-»^('•)M;-"(r),^^^^^, V^ . ji+) (c ^\ ^(^■) 

which is now understood as nothing but the super-index map from the general open-string 
stress tensors in Eq. ()3.1|) . Similarly, the orientation-orbifold operator algebra in Eqs. ()4.2|) . 
(I4.4|l and ()4.9c|) follows by the super-index map as a special case of the general twisted 
operator algebra in Eqs. ()H.1|1 and ()H.8|1 . 

To complete the identification of the open-string orientation-orbifold sectors in our gen- 
eral construction, we focus on the J,g commutator in Eq. ()4.7a|) . which may be compared 
to the image of Eq. ()3.16a|) under the super- index map ()4.10|) : 

[Jn(r)M+^)MT,^,t)] = ^(r,e,t)(r,M^(r,a)e^(™+t^)(*+«) + 

+ ^Wm^)e'^'"^^^^*''0- (4-13) 

In this comparison, one sees first that 

%{r)iliT, a) = Tn(^r)fiu{T, d) = Tn(r)^i(T, a)Tu (4-14) 

and more importantly, with Eq. (|3.14j) . we may now identify the T-duality automorphism 



UJ 



^r)f.iT, a) = ^r),uiT, a) = -^(n(r), n, a)/r„(,),„(T, af (4.15a) 

r„M^„(f , a) = T„(,)^(f , a){-lYTu = -T„(,)^,(T, a)*(-l)V„ (4.15b) 

^,)f,{T,a)=%^r),uif,a) (4.15c) 

^cD(n(r),M,a)/ = (-l)"V' ^^{0,1} (4.15d) 

in the open-string orientation-orbifold sectors. Here Eq. ()4.15aj) repeats the super-index 
map, while Eq. ()4.15b|) appeared earlier in Eq. ()4.7b|) . Finally, it is easily checked that this 
ui is indeed a mode-number-independent automorphism because the transformed current 

4w/.«(^+^ + |)'='^(^(^),«,^)/4M..(^ + ?g} + f) = (-ir4M/^.(^ + ^ + |) (4.16) 
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satisfies the doubly-twisted current algebra Qo{cr) in Eq- f)4.2|) . 

In summary, the results above tell us that the open-string sectors of the orientation 
orbifolds can be viewed as twisted open strings built according to the construction of this 
paper, and in this case: 

• the initial left-mover data is appropriated from the generalized Z2 permutation orbifold 
Ag^g{H')/H' in Eq. gH), 

• the T-duality automorphism u is that given in Eq. ()4.15d|l . 

Using this characterization, the following subsection discusses the classical description and 
T-dual partners of the open-string orientation-orbifold sectors, and another application of 
this characterization is found in Sec. 5. 

4.2 Classical Description of the WZW Orientation Orbifolds 



Refs. |24|l25] described certain aspects of the classical theory of open-string WZW orientation- 
orbifold sectors, including in particular the classical equations of motion of the group orb- 
ifold elements and the action formulation of each sector on the solid half cylinder. Using 
Sec. 2, the super-index map of the previous subsection and Cj = (—1)", we may now read 
off many new results in this classical theory. 

We begin with the phase-space description of the open-string orientation-orbifold sectors 
jitL^O = 2vre;(i^)^„"W^-p„(,),^(S) + 9,x^W^-e„(,),^"(^)'^"^„(.).;„(.),(a) (4.17a) 

(4.17b) 

H^= rde(TW(e,t)+fi-)(e,t)) 

Jo 

^di g<^)^-'-^^)^^{a) ( Jil^je, t)j^il)Ui, t) + j^-^je, t) Ji(i..(e, t)) 

i^rd^0-(^^'--'''^^>{a)J2{j^:i!),ui^^^^^ (4.17c) 



«=o 
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+ i,d^K^^^^^-{OK^'^''^iOGnir),uMsUm)) (4.17d) 

'~^n{r)^u;n{s)uv\-'^ ) (^\-'^ ) n{r) fiu ^\-^ )n{s)uv yn{t)Sw;n{u)ty\^ ) yHi.LIQj 

+ (-l)"ri(r/)„(,)^„"W-5g(.,„)(e + v)) (4.17f) 

+ e-\vUr),u^^'^'''S.y^r,u){^ + v)) . (4.17g) 

which are special cases of the general results in Subsecs. 2.2, 2.3 and 2.4. The phase- 
modified delta functions 5y{^ ± rj) are defined as in Eq. ()2.2|) with ^^U — > y. 

The following coordinate- space results can similarly be read from the general results of 
Subsec. 2.6: 

Pnir)f.u{B, e, t) = lGnir),uMs)uvm, t))dtx2'^'^''^ {^, t) (4.18a) 

Jnir),S^^ t^ ^) = d^X^'^'^'^i^, t)e(e, tUs)..'''~'^'''gnit)5Mr),{cr) (4.18b) 

^iM,„(e,^,^) = (-l)"5-£"^^^'^^(e,t)l(e,t)n(s).."(*)'^^„W5;„M.(^) (4.18c) 

^. = [dt fdit^, t, = ^{Gnir),uMs)^v + Bnir),uMs)uv)d+r/^^''d.xl^'>'' (4.18d) 

_^^^n{r)^.uMs)uv^^^^■^ if ^ = r^ = 0, 

{x^«'^-(e, t), x^W^'^(r^, t)} = <( zvr^:('-)^"^"(^)^''(vr, vr) if ^ = r/ = vr, (4.18e) 

otherwise 

^n(r)/iu;n{s)i/t)/-f f\ _ _^n{s)!/»;;n(r)/i«/-f f\ (4.18f) 

= ^"(*)''"^"(")^na)e-'^(^+^)«((-l)"'ri(0n(t)5J?(^)^"e-i(0n(„).,"^^)'^"+ 

+ (_l)-+ie-i(0„(.).,"(^)^"e-i(On(iMJ^^^)'^'') (4.18g) 
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1 

.n(t) 



l^nW^;n(«)e(^)^g-2.(^ + f)5((_^).g-l(^)^^^^^^nMM«g-l^^)^^^^^^_^n(.)..^ 



w=0 



+ (-l)"+'e-i(0nWe,-J^('')'^"e-i(0n(t)5J^(^^'^") • (4.18h) 

In Eq. fj4.18d|) . we have given the twisted sigma-model form of the complete action ^25j for 
this case, in agreement with the general bulk Lagrange density in Eq. ()2.29p . We remind the 
reader that the complete open-string orientation-orbifold action in terms of group orbifold 
elements on the solid half cylinder is also given in Ref. j25j . 

Moreover, the following equivalent descriptions of the WZW orientation-orbifold branes 

95X^('-)'^"(e,t)((-l)^l(e,t)„(,)^„"W'^^ + e(e,t)„(.v."^^^^^) at e = (4.19b) 

c'5i;^M^"(e,t)(e'"^^^(e,t)„W;.n"(^^^'' + e(e,t)„(,)^„"W^^) at e = vr (4.19c) 

W{T, a) = Ts: T„"(^)^„ = 7;(^,)^(-l)"r„ = T^Tn{^,)^T^^T^ = r3r„(^)^„r3 (4.19d) 

jW(T,e,t,cr) = jl|4je,t,a)^"M'^"^"W'^''(a)T„(,),„ (4.19e) 

j(-)(r^e,t,^) = ^i74«(^'^'^)^"^'^'"^"^^^'^'(^)(-i)'^^«(^)- (4.19f) 

^n(.)M«;n(s)..^^) = ^S^+.,Omod ^Q^^'^'^''^^^ (a) (4.19g) 

JW (T, 0, t, a) = ra J(-) (T'^, 0, t, a)Ts (4.19h) 

j(+)(r,7r,t,(T) = E{T,a)j'--\T^,7r,t,a)E{T,ay (4.19i) 

r'(T,e,t,(T)a+^(r,e,t,o-) = 

E(T,a)^(r,e,t,a)9_rH^,e,i,^)i?(T,a)* ate = 7r ^ ' ^^ 

follow straightforwardly from the general results of Subsec. 2.7. We note in particular the 
simple solution W in Eq. ()4.19d|) obtained in this case from the twisted linkage relation 
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in Eq. ()2.36|) . Using this W and E{T,a) = T^E{T,a) from Eq. ()4.11b|) . the g description 
of the orientation-orbifold branes in Eq. ( |4.19JD follows as a special case of the general 
WZW brane description in Eq. 1)2.411) . The quantity E{T,a) is the eigenvalue matrix of 
the extended if -eigenvalue problem [121 El! associated to the Lie part (see Eq. ()4.8a|l ) of 
the automorphism in rep T. 

The description of the WZW orientation-orbifold branes in Eqs. (4.19h,i,j) is exactly 
that given in Ref. [23] under the identifications: 

J^+\T) -^ J{T), J^-\r'') -^ J{T) . (4.20) 

Aside from Eqs. (4.19h,i,j), the classical description of the open-string orientation-orbifold 
sectors in this subsection is new. 

We finally consider T-duals to the open-string sectors of the general WZW orientation 
orbifolds: 

^[f'\ H_ C Z2 (world-sheet) x if , ii C Aut{g) . (4.21) 

According to the characterization at the end of Subsec. 4.1, the open-string orientation- 
orbifold sectors are constructed using the left-mover data of the generalized (closed-string) 
Z2 permutation orbifold Ag^g{H')/H' in Eq. ()4.6p . It follows that the open-string sectors of 
the WZW orientation orbifolds are T-dual (with uj = (—1)") to the corresponding sectors 
of the generalized open-string permutation orbifold 



A7e7iH') 



H' CZ2X H, He Aut{g) (4.22) 



H' 

which are constructed using the same left-mover data, but with T-duality automorphism 
UJ = 1. In particular, the twisted current algebra of A°g^g{H')/H' is the same 0o(c") iii 
Eq. ()4.2|) . while the Jg commutators in these sectors differ from those of Eq. ()4.7p only by 
the omission of the (—1)" factor. 

We will illustrate this T-duality with a simple example, by comparing the branes in 
the single twisted sector of the simplest open-string permutation orbifold (see Ref. [2^] and 
Subsec. 3.4) 

^SIM (4.23) 

Z2 ^ ^ 

with those of the single twisted sector of the simplest orientation orbifold 

\^f~\ H_ = Z2 (world-sheet) . (4.24) 

ii_ 

50 



The untwisted sectors of these two orbifolds are respectively an open and a closed WZW 
string. Their twisted sectors are T-dual with the same twisted current algebra 

[ian(m+|), .hv{n + l)] = tfab'Jc,u+v{m+n+ ^) + 2(m + f )(5„+„+^_oG'a6 (4.25a) 

a,6, c = 1, . . .,dim 5f, u,v e {0,1} (4.25b) 

and the same Hamiltonian, but representation theories which differ by the T-duality auto- 
morphism: 

[J,„(m+|) J(r,e,t)] = ^(T,e,t)(r,„e^("^+t)(*+0 + (cDr),„e^(-+t)(*-«) (4.26a) 

Tau = TaTu, Tau = TaTu, [T„, Tfo] = z/^b^^Tc, [T^, ffo] = z/^feX (4.26b) 



^r:(z 



"3©9 



2 



Ag{Z2{W. s.)) 
Z2(w. S.) 



cD = W{T) = 1, E{T, a) = E{a) = n (4.26c) 



cuCK)=n, Co = i-ir, WiT)=T3, EiT,a) = l. (4.26d) 



Then using Eqs. (I3.31a|) and (4.19J ) for the branes, we find the boundary conditions 



%^ : r '(r)a,.(r) ^ f ^'^^^^ " « ^ ° (4.27b) 

Z2(w. s.) [^ g{T)d^g \T) at ^ = TT 

which tell us that T-duality reverses the branes in this case. Interestingly, the action of 
T-duality is not so simple for the corresponding non-commutative geometry in Eqs. ()2.30|) 
and ()4.18|) . which we leave as an exercise for the reader. 



4.3 Subexample: Free-Bosonic Orientation Orbifolds 

Certain aspects of the open-string sectors of the free-bosonic orientation orbifolds 

MH-: 



H C Z2(w. s.) X H, He Aut{g), g abelian (4.28) 



H 

were presented in Refs. |24[ |23] , including their quasi-canonical algebra and action formu- 
lation: 

S. = 4^^„M^;-n(.),.(cr) [dt fdi Y, d+x<'-^^'^d.x-<'-^^^^-- . (4.29) 



u=0 
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Drawing on the development above, we turn now to a more complete discussion of these 
open-string sectors. 

In the abelian limit ()2.44|) of the results ()4.17|) . ()4.18|) . we find the phase-space descrip- 
tion of the open-string sectors of the free-bosonic orientation orbifolds |2Hl25j. for example: 

Jl^r),ui0 = ^^P^irUO + d^xf'>^gnis)uMr),i^) (4-30a) 

Jnil),SO = (-!)"( - '27ip:^r),uiO + d^X-J^^^''gnis).Mr),i^)) (4-30b) 

= -2mSr,ir),::^'>'{{-ir^'S.y(^r,u)i^ -V)+ S.yir,u){C + V)) (4.30d) 

g^^n{r)i,0^^^ t) = O^x^^'^^^^^, t) = at ^ = (4.30e) 

cos( jW7r)a,a;^M^"(e, t) - z sinl^Tr)^^^:^^"!^, t) = at ^ = vr (4.30f) 

PnM;..(e, t) = ^gnir),Ms>i^)dtxf'^'''~''i^^ ^) (4-30g) 

^nir),uMs)^v^^^ = ig^^^^'^-^^^'>ia)i-ir sin(2(^ + |)e) 6u+.,o^od 2 ■ (4.30h) 



Here we have used the standard quantization { , } ^ [ , ] in Eq. ()3.23|1 to map the classical 
results into their operator analogues. We emphasize that each of these twisted open-string 
sectors collects a set {n{r)fiu} of boundary conditions (4.30e,f) whose corresponding set of 
twisted free bosons are sufficient to realize the orbifold Virasoro algebra in Eq. ()4.4cp . 

We turn next to consider the open-string free-boson mode expansions obtained from 
the general mode expansions ()2.55|) via the super-index map ()4.10p . For this, it is helpful 
to recall the dictionary |21] 

{x°^} -^ {x"('')'^|ri(r) = 0} = {£°^°, x'^'^'^} (4.31a) 

{£"(")'^|n(r)^0} -^ {x"(")^|fi(r)^0} = {x"(")''V(^)^0} U {s"(")^^|n(r)^^} (4.31b) 

which follows from the super- index map. As seen in Eq. ()4.31a|) . the bosons with super- 
index h{r) = split into two cases when the order p(cr) of uj{ha) is even (because there are 
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two solutions of this condition in terms of n{r) and u). Similarly, the bosons with n{r) ^ 
split into the two cases shown in Eq. ()4.31b|) . Then the general mode expansions above 
take the specific form: 



m 



(e, t) = f'^' + g'''''''\a)(2Jo.om + 2 y e-'™* sin(mO^^^^^^^^) (4.32a) 



J p(a) (m + 1) 
+ 2^ ^ e-'('"+^)* cos((m + 1)0 ' '^ ) (4.32b) 



m + 1 



n{r) ^0: 



+ 2e„,*<,,,.,.0,,) J2 e-""+*})' .m((m+fl)a ""'■'°""':,^' (4.32c) 

me/ P((t) 

n{r) + ^ : 

^2,g'i'>-M.>^(a)Y^e-'<-'-'^y^>'co.((m+^^^)0^ (4.32d) 



gn(r),uMs)uv^^^ = i(5„+,,o„.od 26^"('-)'^;"(^)-(a) . (4.32e) 

Here {g"('")^"} are the bosonic zero modes and Eq. ()4.32ep expresses the total inverse twisted 
metric (see Eq. fj4.1Uep ) in terms of the ordinary inverse twisted metric of space-time orbifold 
theory. 

Similarly, the general quasi-canonical algebra (j2.57p reduces in this case to the following: 



\u+l 

Air 



J^ Qn{r)t,u;n(s)uv{(y)di{ sin((^ + ri)y{r, U)) 5{i + 7])) (4.33c 

= ^5n(.).."^^^'^"(5(e -ri) + (-1)"^' cos((^ + r^)y{r, u)) 5{i + r^)) (4.33b) 
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ife = r/ = 0, 

[a;^M'^«(^, t), x^^'^^iv, t)] = -27r^"M'^"^«W-(a) <j sin(27r^) ii ^ = v = ^, (4.33c) 

otherwise, 

This is precisely the algebra given for the free-boson orientation orbifolds in Ref . j21] . 

This concurrence is somewhat surprising however, because the mode expansions in 
Eq. ()4.32|) are in fact slightly more general than those of the open-string orientation-orbifold 
sectors [21]. While the J terms of both expansions are identical, the expressions here 
contain the extra zero-mode terms q"-(^>'^^^ which are constrained to vanish in the orientation 
orbifolds by the world-sheet parity^^'^ 

£"('')^"(-e,t) = (-l)"+^x"(^)^"(e,t) => g"(^)^° = (4.34) 

of the twisted free bosons. The resolution of this puzzle is that the additional constraint 
^n(r)^o _ g ^qq^ ^q^ j^ fg^^^ change the quasi-canonical algebra ()2.57|) because the quantities 
^n(r)^o commute with all operators: 



n{r) I u\ /;n(s)j^O] _ 

J^n(r)/.«^ ^n{s)uO^ ^ q _ (4.35b) 



[Jnir),u{m+^ + ^),r^^>'] = -^(11 - (-l)°]l)/5^+4d+^,o'^n(.),OmodpM = (4.35a 



These vanishing commutators are easily seen by using the super-index map and u = (—1)" 
in the general algebra ()2.56b|) . ()2.58|) . 

In a broader context, we note that the extra q"■^'^>^^^ terms in the expansions ()4.32|) show 
that the open-string orientation-orbifold sectors are embedded in a larger class of "nearby" 
twisted open strings. 

Finally, we compare these free-bosonic open-string orientation-orbifold sectors at cj = 
(—1)" to the T-dual sectors of the corresponding generalized open-string permutation orb- 
ifolds 

^^|-5 — -, H' CZ2XH, He Aut{g), g abehan (4.36) 

which live in our construction at cD = 1. (The corresponding T-duality for non-abelian g 

was discussed in the previous subsection.) For ease of comparison we present the branes 

and the non-commutative geometry of the free-bosonic open-string orbifolds in the same 

•l-^^Like the twisted Virasoro operators, the world-sheet parity 14.34|l is specific to the open-string sectors 
of the orientation orbifolds |24[I25| . Extra relations of this type are discussed more generally in the following 
subsection. 
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{n{r)fiu} notation, where m = 0, 1 is the spectral index associated to the Z2 in Eq. ()4.36|) . 
This notation allows us to use the super-index map ()4.1Uj) with Eqs. fj2.46|) and ()2.50b|) to 
obtain the following results at a) = 1: 



^^^n{r)^.u^^^ t) = at e = (4.37a) 

at ^ = TT (4.37b) 



cos(7r^)aiX"('^)^0(e,t) - 2sin(7r^)9gx"M^0(e,t) = 
^sin(7^^)ata;"M'^l(e,t) - cos(7r^)95x"M^^(e, t) = 



at ^ = r; = 0, 

[x"(")'^"(e, t), x"(")^^(r7, t)] = (_i)«+i27r^"MA'«;"(^)'^''(a) <{ sin(^g^) at ^ = r/ = vr, 

otherwise. 

(4.37c) 

These results are very different from the T-dual orientation-orbifold results at u = (—1)" 
in Eqs. (4.30e,f) and (j4.33c|) . We note however that, in the case of trivial H (i. e. n(r) = 0), 
T-duality simply reverses the branes 

u=l: u = is DD ; M = lis DN (4.38a) 

u = (-1)" : u = is DD ; m = 1 is A^D (4.38b) 

as noted above for the more general non-abelian case in Eq. (J4.27J) . 

4.4 The Twisted KZ Systems of the WZW Orientation Orbifolds 

We return now to the open-string sectors of the general WZW orientation orbifold, as 
special cases of our operator results in Subsecs. 3.2 and 3.3. 

We begin with the one-sided form ()3.17|) of the twisted vertex operator equations, which, 
under the super-index map, takes the following form: 



u=0 



-{y{r, u) - 9{y{r, u) > l))gR{T, z, z)% 



n(r)fiu 



zy(-^^) f{z,z;y{r,u ))~^ 
zJ 1 — z/z 



+ ( 7 ) r^-77 dRCT, z, ^)7;'(^)/,„jT_^(,,),^„ (4.39a) 
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SdJnirrz.z) = Y.^C^r^^''^\a){ ■.J^-}^^Si^t)~gn{Trz.z): 



M 



n=0 



gR{T, Z, z)Tn(r)f,u)'T^n(r),uu (4.39b) 

(4.39c) 



-zy ('■.«) f{z,z;y{r, u)) ^ 
^zJ 1 — z/z 



^ = e^(*+«), z = e*(*-«) 



f V"^'''"^ = .2^j/(^'.«)c r! 



y{r,u) 



-2iy{r,u)(, 



(4.39d) 



Here ^i? is the reduced twisted affine primary field defined in Eq. ()3.19a|) . and the function 
f{,;y) is defined in Eq. KlMfy . 

We may similarly obtain the twisted open-string KZ equations for the WZW orientation 
orbifolds: 

diP^iT, z, z)=F^{r, z, z)W,{r, z, z, a), BiP^iT, z, z)=P„{r, z, z)Wi{r, z, z, a) (4.40a) 



1 



W,(T, -z. z, a) ^£*j«-»l'-)-(^) J2[[E 



+ E T 



u=0 j^i 

y{r,u) 



y{T,u) 



f{Zi,Zf,y{r,u)) ^(j) 

n(r)fiu 



Zi Zj 



f{,z^,zf,y{r,u)) ^(^j)^^ 

y y n{r)fj.u 



—n(r),u,—u 



_ (y(r u) - 6(v(r u) > D) T'-'^ T^*-* 



(4.40b) 



Wi{r,z,z,a)=jC 



n{r)fi;—n{r),u . 



a 



EKE I 



Zi \- ■ ' f{zi,zf,y{r,u)) ^(^j)^a, 



+E 



M=0 j^i 

Zj^^'^'^fiz,, zf y{r, u)) i^j) \ ^(i),^ 



Zj, Z -j 



- {y{r, u) - 9iy{r, u) > 1)) tSi^X^^,^.^^ 



(4.40c) 
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hir, -z, z) X^(ro2,o® 1 + ll®ro«o^) =0, V/. (4.40d) 



.1=1 



hij. -z. z) E(^pH/2,m,i®^ + ^®^pS)/2,m,i) = 0' ^/^' fo^ /'(^) ^^^^ (4.40e) 



=1 



'n{r)fiu—'^'ri{r)fi{T , CXJru, T ^^^^^ _ 7^(r)^(T ,cr)( 1) r„, di — g^, di — g_ 



I I = p«5('-,«)(tj+€j-t«-5z) { Zi\ = pW(r,u)(tj-£,j-U-i,) 



'^i J \ '^'i 



(4.40g) 



gij/(r,M)(tj-,tj-ti+^i) (4.40h) 



Zi 



z — w 



y{r,u) = ^ + l f{z,w;y) = l + % > 1) • (4.40i) 



Here the correlators F^ of the reduced fields gn are defined in Eq. (j3.19b)l . Except for the 
phases in Eqs. (4.40g,h), this system matches the one-sided form of the twisted open-string 
KZ system given in Eq. (4.24) of Ref. [21]. The issue of phase conventions will be further 
discussed in the following subsection. 

Aside from the half-integer moded Virasoro generators in Subsec. 4.1, there are other 
relations which are specific to the open-string WZW orientation-orbifold sectors (and hence 
are not included in the general development of this paper). In particular, it is known from 
Refs. j211 123 that the orientation-orbifold vertex operator equations ()4.39p and twisted KZ 
equations ()4.40|) are consistent with the following special relations on the twisted affine 
primary fields g 

~g{r{T),i, tf = ~g{T(T), -^, t)Ts ® n (4.41a) 

^(r(T), e, t)n ® ]1 = ^(r(T), e, t)l®n (4.41b) 

where r are the Pauli matrices. In these results, Eq. ()4.41ap describes the behavior of 
the twisted affine primary fields under world-sheet parity and Eq. ()4.41b|) specifies their 
two-component structure. The free-boson world-sheet parity ()4.34p is equivalent to ()4.41a|) 
in the limit of abelian g. 

4.5 The Singularity Prescription Revisited: Euclidean vs. Minkowski 

In this subsection, we will contrast the Euclidean-space phase and singularity prescription 
of Ref. [21] with the Minkowski-space phase and singularity prescription of this paper. Of 
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course either prescription can be rotated to the other space, but the two prescriptions are 
in fact different. As we shall see in an instructive consistency check below, the Minkowski- 
space prescription obtained in this paper for all twisted open WZW strings is the correct 
one for the open-string sectors of orientation orbifolds. 

In Ref. |21], when we performed the sums on u in the twisted Euclidean vertex operator 
equations and/or the twisted Euclidean KZ equations, we found structures of the form 

' f,^ir,^ fU,,;g(r,u)) _ .,^ =S f i-Si when f} < 1 

ii ^'' '-' ^'' l^# whe„fl>l 




(4.42b) 



0{z - z) when j^ < \ 
-i,+0{-z-z) whenf)>l 

which describe the interaction of a charge at z with its image charge at z. As shown 
in Eq. ()4.42b|) . we posited there (in parallel with the standard Euclidean treatment of 
{z/wY^'^) that such terms were non-singular as ^ — > 2; because {z/ zY^"^ — > 1. In proposing 
this Euclidean-space prescription, we were motivated by common practice in untwisted 
open-string theory [S^, but in that case fractional powers are not encountered. Similarly, 
the Minkowski-space prescription of this paper is based on the evaluation of a conditionally 
convergent sum (see Eq. (4.13) of Ref . [2E])- Both prescriptions therefore merit consistency 
checks. 

The Minkowski-space prescription in Eqs. (4.40g,h) defines the factors in Eq. ()4.42aj) as 
follows: 

z -^ e^(*+«\ z -^ e'(*-«) (4.43a) 

l-{z/z)^ l-e-''« l-{z/z)^ l-e''« 



9- .t • .' - 0- u ■ c- (4-43b) 

z — z 2ze" sm 4 z — z 2ze" sm 4 

This evaluation, although non-singular at ^^ = 0, is singular as ^^ ^ vr (that is, as z ^ 2; G 

Mr). Both prescriptions are in agreement that there is no singularity at ^^ = 0, however 

owing to fractional powers, the two prescriptions differ near ^ = vr. Which prescription is 

correct? 

To resolve this issue, we will consider an example where we can be completely explicit. 
As background for this example (see Refs. [SUES]), we begin with the untwisted free-bosonic 
closed-string conformal field theory 

[J^,{m), Ju{n)] = [J^,{m), Ju{n)] = mGf,y5m+n,o (4.44a) 

[J,{m),g{T, i, t)]=g{T, i, t)r^e^-(*+«), [J,{m),g{T, e, t)] = -T^g{T, e, t)e^"^(*-«) (4.44b) 

[T^, T,] = 0, c = c = dim [/i] (4.44c) 
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where T^ are the abehan "momenta", and we choose the following simple orientation- 
reversing automorphism: 

wCha) = n ® (-11), uj{K) = -1 (4.45a) 

J,{my = -J,{m), J,{my = -J,{m), g{T,i,t)' = g{f,-i,ty . (4.45b) 

Twisting this orientation-reversing automorphism gives the following data for the corre- 
sponding open-string orientation-orbifold sector 



n(r) = l, p(a)=2, Qi^u;iuv{(y)= 25u+vfiraod2G^u, C^^^^^^^" {a) = \5u+vfi mod 20^^" (4.46a) 

Ti^n = T^r„, r,l^ = (-l)%r„, [Ti^„, Ti^J = [T,% T^,] = (4.46b) 

Pg(.)(r(T)) ^ A(T) = iC^^T, (4.46c) 

where T and T*^ are the twisted abelian "momenta" . For this sector, the action and orbifold 
Virasoro generators are given by 

Sa = ^G^, [dt [ d^y^ d+x'^'^d.x'''-'' (4.47a) 

Lu{m + ^) = |G^-^^ :^,(p+l±-)^,„_,(m-j9+H^):M +5^+|,o^^^ (4.47b) 
v=o pel 

c = 2dim [fi] (4.47c) 

where the u = and 1 coordinates are respectively DN and NN. 

Substitution of the data ()4.46|) into the general results above gives the following quasi- 
canonical algebra and mode expansions 

[Pi,.u{^,t),pi,,{7],t)] = ^^^G ^Ju+v,omod 2d^[sm{^{^ + r]))6{^ + T])) (4.48a) 

[:^'^"(e, t),pi..(r/, t)] = ^<5/<5„+,,omod 2(<5(e - r7) + (-l)"+^ cos(i±^(e + v)m + v)) (4.48b) 

[x"^-iU),x"'''{v,t)] = (4.48c) 

xi^uitt) = gi^,u;iuv{a)x'''''{^,t) = 2G^,x''''-^{tt) (4.48d) 

DN: x,,o{U) = 2 V '^^^°^"^ + ^^ e-(-+^)*sin((m + i)0 (4.48e) 

NN: xi^i(e,t) = gi^i + 2Ji^i(0)t + 2* J^ Zl/^e"^"^* cos(mO (4.48f) 
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[^«(m+^), Ji,,(n+^)] = 2(m + H±l)G,.(5„+„+,+H±.,o (4.48g) 

[Jii,uim+i^),qi^i] = -Ai6^_^u±iQG^^, [qii,i,qiui] = (4.48h) 
[Ji,u{m + ^),giT, e, t)] = giT, ^, t)T,r.e^(-+"*^)(*+5) 

+ {-ir+%r^g{T, e, t)e^('"+^)(*-«) (4.48i) 

in agreement with the results of Ref . [21] . 

For our consistency checks, we will need two further results which are similarly read 
from the data in Eq. ()4.4fij) and the general results above. First we give the twisted vertex 
operator equations for this example 

1 
dtgR{TiT),U) = hG^'Y.-- ('^S(^'^) - (-l)"'^ti(e,^)) ^«(r(T),e,t)r,r„:M (4.49a) 



%«(r(T),e,t) = fG^'^^ : (jS(e,t) + (-l)Vy(^,t)) ^^(r(T),e,t)T.r„: 



n=0 



-^^,(T(T), e, t) A(T)i^-^ (4.49b) 

Jtl^i.t) = J2 Ji,„(m+^)e-(™+^)(*±«) (4.49c) 

gRinr),^, t) ^ e-2^*^(^)^(r(T), e, t) (4.49d) 

[T^r9] = [rurg]=^ (4.49e) 

where cjr is the two-sided form of the reduced primary field ()H.19a|l . The one-sided form 
of this system can be immediately read from Eqs. (j4.39p and (J4.46J) . but the two-sided 
form in Eq. ()4.49p is more convenient for the purposes of this discussion. We note in 
particular that the singularity at ,^ = vr of the last term of ()4.49b|) is a consequence of the 
Minkowski-space prescription (j4.43|) . whereas in the Euclidean-space prescription (rotated 
to Minkowski space) this term would be non-singular. Except for this issue, Eq. (I4.49|) is 
exactly the Minkowski-space version of the Euclidean twisted vertex operator equations in 
Ref. 



The second result needed is the L(j,g commutator in Eq. ()3.11b|) . which reduces in this 
case to the following: 

[L.(m),^H(r(T),e,t)] = e™*(cos(mO(-^9, + 2(m + l)A(T)) 

-Fsin(m09g)^R(r(T),e,t). (4.50) 
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It is easily checked from the corresponding result in Ref. |23] that this equation holds in 
Minkowski space independent of which singularity prescription is used. 

For the computations below, we reexpress the integer-moded coordinates in Eq. ()4.48f|) 
in terms of the conventional NN coordinates: 

Mm) = -l=Ji^i(m), q^ = ^gi^i (4.51a) 

ixi^i(e, t) = V2{q, + tJ,{0) + I V :M!!^e-™* cos(mO) (4.51b) 

[g^, Ju{^)] = iG^u, [J^l{rn), Ju{n)] = mG^y5m+n,o ■ (4.51c) 

After some algebra, we then verify that the following normal-ordered exponential 

^^(r(T), e,t) = ^(r(T), e,t)(l + cosO^(^) (4.52a) 

^(T(T), ^, t) = : e**iA'"(?'*)^'''"'''''('^)'^i''- : = : e5^iM4?.t)G'^''T.r„ . ^ (4.52b) 

= exp[iV2r ■ qn] exp[iV2T ■ J(0)tri] x 
X exp[V2T-^ Ji~^) ^irnt cos(mOri] expf-v^T-^ :^g-*mi cos{mOn] x 

m>l m>l 

X exp[zT- J2 ^^i^|p^e-('"+5)*sin((m+i)0]x 

m< — 1 2 

X exp[zT-y ^^i^^^^^^e-^(™+^)*sin((m+i)0] (4.52c) 

T-q = G^'T^q,, T-J = G^^T^J,, T ■ J,o = G^^TJ^,^ (4.52d) 

is the solution of the twisted vertex operator equations ()4.49|) . The conformal weight A(T) 
which appears here is defined in Eq. (I4.4fic|) . The (1 + cos^)^*-^-* factor in ()4.52a|l arises 
directly by integration of the last term in the vertex operator equation ()4.49bj) . Such 
^-dependent factors are generally present (see Eq. (7.39) of Ref. jHI]) in the solution of 
open-string vertex operator equations, while the remaining g factor is closely related to 
ordinary vertex operators: At ,^ = (and z = e**), the half-integral DN modes in ()4.52cp 
decouple and the vertex operator g becomes an ordinary untwisted vertex operator with 
momentum \plTr\. 

We are interested however in the problematic limit ^ -^ vr, where the vertex operator g 



61 



becomes: 

^ ^ vr, z = e'^ (4.53a) 

^g{r{T),^,t) ^§{T{T),7r,z) = expfiv^T-gn] exp[V21nzT- J(0)ri] x 



X 



m>l m>l 

exp[zT-y '^^°(^+^^ (-l)-^-(-+l)] exp[zT- y '^^"^"^ ^ ^^ (-l)"^-(-+^)] . (4.53b) 

•^— ^ m -I- i •^— ^ m -I- i 



m + j: ^ — ^ m 

m< — l ^ m>0 



The integer-moded factors here comprise the untwisted vertex operator for NN open-string 
emission from an NN string at ^ = vr, while the half-integer- moded factors describe NN 
emission from a DN string - and are closely related to well-known twisted vertex operators 
(see e. g. Refs. ^ E]) in orbifold theory. The following commutator with the Virasoro 
generators 

[L.(m)J(r(T),7r,^)] = (-l)-z-(^9, + (4m + 2)A(r))^(r(T), vr, ^) (4.54) 

is not difficult to verify by direct computation using standard properties of these vertex 
operators. 

It is instructive to inquire into the compatibility of the [L„(m),gR] commutator in 
Eq. ()4.50|) with the [Lrj{m),g] commutator in Eq. ()4.54|) . In fact, the compatibility involves 
in an essential way the singularity near ^ = tt of the last term in the vertex operator 
equation ()4.49b|) . To see this, consider the sm{m^)d^gFt term in the commutator (j4.5(jp and 
follow the steps 

2A(T) 
d^gR - Qr-^ near ^ = tt (4.55a) 

!^^li!I^ = (-l)™m + 0{i - tt) (4.55b) 

[L,{m), gR] = {-l)"'z"'{zd, + 2A(T)(m + 1) + 2A(T)m)^fi near ^ = tt (4.55c) 

[L^{m),§{7r,z)] = {-irz^{zd, + {Am + 2)A{T))§{7r,z) (4.55d) 

where (I4.55aj) shows the singularity, and the final result in Eq. ()4.55dj) was obtained by 
dividing both sides of (j4.55c|) by the (1 + cos(.^))^*-"^-' factor in g^ and then taking the limit. 
This computation provides an important consistency check on the singularity near ^ = vr 
of the Minkowski-space prescription. 
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Both the Euchdean-space and the Minkowski-space prescriptions give solutions of the 
vertex operator equations with the factorized form 

9R = gfiO (4.56) 

where g is the vertex operator defined in Eq. ()4.52|) . and the factor /(^) encodes the be- 
havior of the charge and image charge as they approach each other at the strip boundary. 
As noted above, the last term of the vertex operator equation (j4.49b|l would not be sin- 
gular at ^ = TT in the Euclidean-space prescription, and hence /(^) is neither singular nor 
vanishing at ^ = vr in this prescription. Such behavior would disrupt the connection be- 
tween Eqs. fl4.5()|l and ()4.54|1 detailed in the previous paragraph. Then, since both of these 
equations hold independent of the prescription choice, the Euclidean-space singularity pre- 
scription of Ref. 1^ is simply inconsistent: The interaction of charge and image charge at 
^ = vr must be singular, as dictated by the Minkowski-space prescription. 

As a consequence, all the equations of Ref. ^24j should be read either with the Minkowski- 
space prescription of this paper, or with its Euclidean analogue: 







z = Re'^ 


, z = Re-'' 






(4.57a) 


■ ^ \ y{r,u) 
Zi 

Z3) 


(Ri 


\yir,u) 
/ 


/ ^ \y{r,u) 

\ 1 




\y{r,u) 
1 


(4.57b) 


\y(r,u) 
* _ 

^3 J 


\R,, 


.yir,u) 

Qi{^^Hj)y{r,u) ^ 




Ri 

yRj y 


y{r,u) 


(4.57c) 



The Euclidean prescriptions in Eq. ()4.57b|) are not new, and except when z —>■ z singularities 
are studied, the prescription ()4.57|1 does not change any of the conclusions of Ref. [23j. In 
what follows, we use this prescription to detail the few instances in which the conclusions 
of Ref. EH are incorrect. 



The first instance concerns the structures mentioned in Eq. ()4.42aj) of this paper, which, 
although non-singular at ^ = 0, are now seen to be singular at ,^ = vr: 



^ f,f^^'> fU.,;Bir,u)) ^(^Y^\ ^-m^ when ^ < 1 

t; ^-^> '-' ^-^' 1^# whenf>>l 

2 _2(fl!ii f 1 - e-« when S < 5 . , ^ 

-jR^e •"•[l-e'^ wheni>i ('-''"^ 

Aie p'""' 

^ — — near ^ = vr. (4.58c) 

R{i - tt) 
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This result should be read in place of the incorrect (non-singular) form in Eq. (4.29d) of 
Ref. 



Our second remark concerns the twisted Euclidean vertex operator equations in the 
general open-string orientation-orbifold sector 



1 



dg{T{T), z, z, a) = ^C^J^]'"' "^'^'''''(o-) ^ : Jn{r),,u{z, cx)g{T{T), z, z, a)T_n{r),u-u{T) : 

1 

= >C^(^5^'~"^''^'''(fx) Y^ { : Jn{r)^Luiz, a)g{T{T), z, z, a) :m 

M=0 

/z\y^''''^^ f(z,z:y(r,u))::,^,^, 

\ Z/ ' iC Z/ 

(y(r, u) - d{y{j-, u) > 1)) g{T{T), z, z, a)Tn(r)f,u{T)}T_n{r),u-u{T) (4.59a) 



1 



dg{T{T), z, z, a) = C^^l^' "^'^'''(a) ^ : Jn(r)i,u{z, a)g{T{T), z, z, a)T_^(r),u,-u{T) : 

1 

= '^J(?'""^'"^'''(^) 5Z I • Mr)f^uiz, a)g{T{T), z, z, a) -.m 

u=0 

/z\yi''''^) f(z,z:y(r,u))~,^,^. .^ ,^. 

+ [-=) ^ -_\ '' g{r{T), z, z, a)r„(,)^„(T) 

- - (y(r, u) - e{y{r, u) > 1)) ~giTiT), z, z, <j)%^r)^.u{f)}f.n{r),u,-u{f) (4.59b) 
z 

%i(r)iiuiT) = Tn(r)fMiT)Tu, '7^(r)^„(r) = 7^(r)^(T) ( — l)"r^j (4.59c) 

which appeared in Eq. (4.22c,d) of Ref. [21]. Here : ■ : is operator-product normal ordering 
and : ■ :m is the mode normal ordering in Eq. ()H.12c|l . The equations ()4.59p are term- 
by-term equivalent to the analytic continuation of our Minkowski-space vertex operator 
equations ()4.39|) when read with the new Euclidean prescription in Eq. ()4.57p : 

(f) ^'-■;-^':-")' ^(l.2..n^e-^.fe(...)>l))|^^^ (4.60a) 

pp /fe.;g(r.«)) ^ -(l - 2.smfe-«0(S(r..) > l))^. (4.60b) 

\z/ z — z ^ ^ ItRsint, 

The sums on u of these terms then give structures of the form in Eq. ()4.58|) . which are 
singular at ^ = vr and regular at ^ = 0. We remind the reader that regularity of the twisted 
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affine primary fields at ^ = is a special characteristic of the open-string sectors of the 
WZW orientation orbifolds - and is not expected generically in twisted open WZW strings. 

We finally remark on the normal-ordered products 

■.J{z)g{T,w,w):, ■.J{z)g{T,w,w):M (4.61) 

which are not singular as 2; — »• w and/or z —>■ w, but which may be singular as w ^ w, 
because the twisted affine primary fields are themselves singular as w ^ w & M^. For the 
same reason, normal-ordered products such as those which appear in the twisted vertex 
operator equations ()4.59|) 

: Jiz)giT, z, z) :, : J{z)g{T, z, z) :m (4.62) 

may be singular a.s z -^ z E M~. To investigate this issue, we recall the following relations 
between the two types of normal-ordered products |24j : 

: Jn{r)f,u{z, cr)giT, z,z,a): = : Jn{r)f,u{z, cr)g{T, z, z, a) :m 

(?/(r, u) - e{y{r, u) > l))g{T , z, z, a)%{^r)tiu 

f/^\J'('''") _ _ 1 1 ~ 

~|vl/ /(^'^;?/(^'")) - 1 r ^— ^nM/^«^(^'^'^'^) (4.63a) 

: Jn{r)fiu{z, a)g{T, z,z,a): = : J„(r)^«(^, cr)g{T, z, z, a) :m 

+ < y-^J f{z, z; y{r, m)) - U -^g{T, z, z, (y)%(r)^lu 

+ -iyir, u) - 9{y{r, u) > l))%{^r)^,ugiJ , z, z, a) . (4.63b) 

Using the forms given in Eq. ()4.60|) . we see that at least one of the normal-ordered products 
: ■ : or : ■ :a/ is singular at ^ = vr. This conclusion replaces that stated below Eq. (4.4) of 
Ref. 



5 Boundary States of the General Twisted Open WZW String 

The discussion above developed the open-string description (in terms of a single set of 
current modes J) of the general twisted open WZW string, including its twisted non- 
commutative geometry, branes and twisted open-string KZ equations. In this section we 
review and discuss the complementary closed-string or boundary state description (in terms 
of J and J) of these twisted open strings. 
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Twisted WZW boundary states were first considered in Ref. jISj and the general twisted 
boundary state equation was given in Ref. 



Jn{r)^{m + Jg) + uinir), a)/ J„(^,),^(m + ^) j \B)^ = (5.1a) 

{L^{m)-U{-m))\B)^ = (5.1b) 

ueAut{Q{a)), n(r)G{0,...,p(a)-l}, a = 0, . . . , N,- 1 . (5.1c) 

Here J and Lo- are tlie same twisted left-mover current and Virasoro modes which appear 
above, while J and L^ are the corresponding twisted right-mover modes - all of which live 
in sector a of the general closed-string WZW orbifold Ag{H)/H. The quantity u is again a 
T-duality automorphism of the twisted left- or right-mover current algebra, although (for 
a given twisted open string) this automorphism may not-^^^ be exactly the same T-duality 
automorphism uj which appears above in the corresponding open-string description. 

The general twisted boundary state equation in Eq. ()5.1a|l is consistent 

= i:F^ir),Ms>^'^^''^'^'\a){j + ^i)„(,)^„(,),,(m + n + ^^MgM) (5.2) 

because the operator terms of the twisted left- and right-mover current algebras are the 
same, but the central terms have opposite signs [13J. (This circumstance also gives rise 
to the rectification problem fHl 1^ ^1 1^ ISE] , which need not concern us in the present 
context). The Virasoro boundary condition in Eq. ()5.1b|l follows from Eq. ()5.1a|l and the 
explicit form of the general twisted affine-Sugawara construction [T3] . 

In the special case of the untwisted sector a = of any WZW orbifold Ag{H)/H 
(including the trivial orbifold with H = 1), the right mover modes J(r7i) reduce to the 
untwisted right-mover modes J{—m) and u reduces to an automorphism of Lie g. The 
general twisted boundary state equation ()5.1aj) then reduces to the standard untwisted 
boundary state equation 



Ja{m) + Ua Jbi—'m'))\B) = 0, a,b = 1 .. .dim. g, uj E Aut(g) (5.3) 

which has been extensively studied (see for example Refs. [S71E21)- 

We emphasize that, beyond solutions of the untwisted case in Eq. ()5.3|) . no explicit 

twisted solutions have yet been obtained to the general boundary state equation ()5.1ap . As 

tiSpQ], g. given twisted open string, we expect that the w's in the two descriptions should be closely related; 
for example, they could be identical, or inverses of each other or perhaps inncr-automorphically equivalent. 
The precise relationship of the two w's is beyond the scope of the present paper. 
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a pedagogical guide for future work, however, we mention here some particularly simple 
classes of twisted boundary states (all of which are contained in the general equation). 

• The Basic Class of Twisted Open WZW Strings 

As noted in Ref. [2^], one expects that the basic class of twisted open WZW strings 
A'^^^(H)/H (the open-string orbifolds) is described by the following basic class of twisted 
boundary states [13] 

^ = ^-- {Jnir),im + f)) + .l^r)M + ^)) \B)^ = (5.4a) 

n(r)G{0,...,p(a)-l}, a = 0,...,iV,-l (5.4b) 

in parallel with the choice a) = 1 in the corresponding open-string picture of the basic class. 

• The Permutation-Twisted Open WZW Strings 

A large class of permutation-twisted open WZW strings was discussed in Subsec. 3.4. 
The corresponding boundary states of these twisted open strings are described by the 
following equation 

'^(igf^.^)/ = e'"^('^p)/: 

a = l,...,dimg, j = 0, . . . , fj{a) - 1 (5.5b) 

where we have again used the cycle notation of Refs. [14-16]. We remind that uip is a 
permutation which can exchange cycles of the same length fj{cr) and Uj is a cycle-dependent 
integer. As noted for the corresponding open-string picture in Subsec. 3.4, this class of 
boundary states can be further generalized by including Lie automorphisms (which act on 
the Lie index a) in our u. 

It is known that the WZW permutation orbifolds contain an extended Virasoro algebra 

iHiEniiini 

t (e, t) = J2 ^.(^)e-^'"(*+«\ t (e, t) = J2 LM)e-^'^^''^^ (5.6a) 

m m 

Laijn) = ^ Loj{m), L„{m) = ^ Loj(-m), c = c = Kcg (5.6b) 
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m 

['^ii("+ji^''4("+7i|;y)l=*ji{('"-n+iM'^i+fj(™+"+iw)+ 

where ii" is the number of copies of simple in the underlying untwisted theory. It would 
be interesting to determine the action of this algebra on the boundary states, generalizing 
the Virasoro boundary condition in Eq. ()5.1b|) . 

The explicit forms [10,12-14,16,17] of the twisted current algebras in the various closed- 
string WZW orbifolds on simple g can similarly be used to construct the twisted boundary 
state equations of the corresponding twisted open WZW strings. 

• The Open-String Orientation-Orbifold Sectors 

As a final class of examples, we consider the open-string sectors of the WZW orientation 
orbifolds Ag{H_)/H_. One expects that these twisted open strings are described by the 
following class of twisted boundary states 

^ = (-ir : {MrUm + ^ + ^) + i-irJnirUm+^ + ^))\B)^ = (5.7a) 

n(r)G{0,...,p(a)-l}, m G {0, 1} (5.7b) 

in parallel with the open-string description of these sectors in Eq. ()4.15d|) . In Eq. ()5.7a|) . 
the left-mover modes J satisfy the doubly- twisted current algebra in Eq. (j4.2j) . and the 
right-mover modes J satisfy the same doubly-twisted current algebra, except with the 
usual sign-reversal of the central term jT^I. Following the characterization at the end of 
Subsec. 4.1, we know that both the left-mover and right-mover modes live in the generalized 
Z2 permutation orbifold AgQ)g{H')/H' shown in Eq. ()4.6|) . We remind the reader (see 
Subsec. 4.2) that these orientation-orbifold boundary states are T-dual to the boundary 
states of the generalized open-string permutation orbifold 

^®l;^ ' , H' cZ^xH, He Aut{g) (5.8) 
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which presumably satisfy Eq. ()5.7|) with uj = (—1)" replaced by u; = 1. 

In this class of examples, the general Virasoro boundary condition in Eq. ()5.1b|) must 
have an extended form, including the half-integer moded Virasoro generators. To find 
this extension, we first give the explicit form of the left- and right-mover orbifold Virasoro 
generators in the general Z2 permutation orbifold: 

L„(m+f) = 

1 

~ ^SW ^^ll^Xl^- 'Jn{r),,v[P+J(^+2)J-n{r),u,u-v[m-p- J^ + ^-) -M 

v=o pez 

-«^n(rV;-n(r),i.°'^(o")^0,5,«("^ + |)(2/(^^) -^{y{r,v) > 1))} + 6m+^,0^o{(^) (5.9a) 

L„(m-|-f) = 

1 

v=o pez 
-i^n{r),,;-n{r),u°'\(^)Jo,s,u{m+^){y*{r,v) -6{y^{r,v) > 1))} + 6m+^,o^o{(^) (5.9b) 



[L„(m + |),L,(n + |)] = (m-n+^)L„+,(m+n + ^) + 

+ 5^+„+H±.,o^(m + f )((m + |)2 - 1) (5.9c) 

[L(m+f),L,(n + |)] = -{m-n + ^)Lu+.{m+n+^) 

- <5„+„+^,o^(^ + |)((m + f )2 - 1) (5.9d) 

[L„(m+f ), i.(n+|)] = 0, Lo(m) = L,(m), Lo(m) = L,(-m) (5.9e) 



yir,v) = ^ + l y*ir,v)^^ + ^, -c = c = 2c,. (5.9f) 

Here : ■ :m,m denote the standard mode normal orderings introduced in Ref. [TB]. The left- 
mover generators in Eq. ()5.9|) are identical to those of the orientation orbifolds in Ref. |24j . 
and the form given here is equivalent to the operator-product normal-ordered form in 
Eq. ()4.4|1 . The conformal weight Ao(a) of the scalar twist field is given in Eq. (3.38) of 
Ref. |24ij, and Cg is the central charge of the left- or right-mover affine-Sugawara construction 
[42,50-53,37] on g. Finally, we determined the right-mover generators in Eq. ()5.9b|) from 
the known form of the left-movers and the general current-current OPEs in Ref. ^H] • 
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Following steps analogous to those detailed in App. A of Ref. [26], it is then straight- 
forward to verify the following extended Virasoro boundary condition 



^L„(m+f) - (-irL„(m + |)j|5) = (5.10a) 

[L„(m + |) - (-l)"L„(m+|), 4(n + |) - {-iyL,{n + ^)] = 

= (m-n+^){Lu+v{m+n + ^^) - (-l)"+"L„+.(m+n + ^)) (5.10b) 

from the boundary state equation ()5.7|) . The ordinary Virasoro boundary condition ()5.1b|) 
is included in this result when u = 0. The extension in Eq. (j5.10|) may be considered as a 
prototype for the corresponding higher-order extensions in the permutation-twisted open 
WZW strings (see Eq. ^B>)- 

The orbifold program has successfully constructed the local theory of all closed-string 
WZW orbifolds [8-18] and this paper completes the description of all twisted open WZW 
strings [31,24-26]. Classification of the automorphisms of twisted current algebras will 
provide at least a partial classification of the twisted open WZW strings. An important 
next step is to study open-closed string dualities among these twisted open and closed 
WZW strings. 
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A Twisted Chiral AfRne Primary Fields 

From Eq. (4.14) of Ref. j^Hl smd the cD-map in Eq. ()3.7p . we find the factorized form 
[58 , Sni ED Uni Un] of the general twisted affine primary field 

^(r,e,t) =^_(T,e,t)^+(T,e,t) (A.la) 

[Jnir),i^ + ?g}), ^+(^, e, t)] = g^r, e, t)r„(,),e^(™"'^^^*+«^ (A.lb) 

■n(r) 
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in the general twisted open WZW string. Here T^ is the automorphic transform ()2.17d|) of 
the twisted representation matrix T, g± are the constituent afiine primary fields, and one 
also finds the dynamical relations for g± 

+ z^+(r,e,t)p^(.)(T) - 2z/:^J:;^-'^('-)''^(a)f)^4r,e,t)r„(.),r_„(.),. (A.2a) 



+ ^P^h(T^)^_(^, e, t) - 2.£^S'^^-"^'^^'^(a)^X4),n(,),,^_(T, e, t) (A.2b) 
9_^+(r, e, t) = d+g^r, e, t) = (A.2c) 

including their chiralities in Eq. ()A.2c|) . The mode normal ordering : ■ -.m here is the same 
as that in Eq. ()3.12c|) with g —>■ g±- 

The chiral vertex operator equations in Eq. ()A.2|) in fact provide the direct derivation 
of the full twisted vertex operator equations for g in Eq. ()3.12|1 - which were obtained 
in the text by using the u)-map ()3.7|1 as a shortcut. As discussed in Refs. jHH EEj, this 
derivation requires a final re-normal ordering using Eq. ()A.1|) . The re-normal ordering, 
which generates the singularities of ^ at ,^ = 0, vr, is necessary because the same set of 
twisted current modes act on both g+ and g^. The singularities themselves describe the 
collision of non-abelian charge and image charge at the strip boundary. Such singularities of 
the affine primary fields are not found in closed string theory (including ordinary orbifolds) 
because the chiral constituents g± are independent in that case (or alternatively because 
there are no image charges in closed-string conformal field theories). 
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